CATEGORIFICATION OF DONALDSON-THOMAS INVARIANTS 
VIA PERVERSE SHEAVES 
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Abstract. We show that there is a perverse sheaf on a fine moduH space 
of stable sheaves on a smooth projective Calabi-Yau 3-fold, which is locally 
the perverse sheaf of vanishing cycles for a local Chern-Simons functional, 
possibly after taking an etale Galois cover. This perverse sheaf gives us a 
cohomology theory which enables us to define the Gopakumar-Vafa invariants 
mathematically. 



1. Introduction 

The Donaldson-Thomas invariant is a virtual count of stable sheaves on a smooth 
projective Calabi-Yau 3-fold Y over C which was defined as the degree of the virtual 
fundamental class of the moduli space X of stable sheaves ([2H])- Using microlocal 
analysis, Behrend showed that the DT invariant is in fact the Euler number of 
the moduli space, weighted by a constructible function vx, called the Behrend 
function ([T]). Since the ordinary Euler number is the alternating sum of Bctti 
numbers of cohomology groups, it is reasonable to ask if the DT invariant is in fact 
the Euler number of a cohomology theory on X. On the other hand, it has been 
known that the moduli space is locally the critical locus of a holomorphic function, 
called a local Chern-Simons functional ([10]). Given a holomorphic function / on 
a complex manifold V, one has the perverse sheaf (/)/((Q[dimy — 1]) of vanishing 
cycles supported on the critical locus and the Euler number of this perverse sheaf 
at a point x equals vxi^)- This motivated Joyce and Song to raise the following 
questions ([TUJ Question 5.7]). 

Let X be the moduli space of simple coherent sheaves on Y . Does there exist a 
natural perverse sheaf P' on the underlying analytic variety X = Xred which is 
locally isomorphic to the s/iea/ (/)j(Q[dim — 1]) of vanishing cycles for f,V above? 

The purpose of this paper is to provide an affirmative answer. 
Theorem 1.1. (Theorem^A^and Theorem\MB 

Let X be a quasi-projective moduli space of simple sheaves on a smooth projective 
Calabi- Yau 3-fold Y with universal family £ and let X = Xred be the reduced scheme 
of X. Then there exist an Stale Galois cover 

p:X'^^X = X^/G 

and a perverse sheaf P' on X^ , which is locally isomorphic to the perverse sheaf 
iimV^ ~ 1]) of vanishing cycles for the local Ghern- Simons functional f . In 
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fact, for any etale Galois cover p : X'^ — >■ X, there exists such a perverse sheaf P' 
if and only if the line bundle p* det(Ext* , f )) admits a square root on X'^ where 
TT : X X y — > X is the projection and Ext*(f ,f ) = RT:^RTLom{£,£). 

Note that the perverse sheaf P' may not be unique because we can always twist 
P* by a Z2-local system on X. 

As an apphcation of Theorem II. ![ the G-invariant part H*(Xt,P*)*^ of the 
hypercohomology of P' gives us the DT (Laurent) polynomial 

DT^iX)=J2t' dimWiX\P'f 

i 

such that DT^^{X) is the ordinary DT invariant by [T]. 

Another apphcation is a mathematical theory of Gopakumar-Vafa invariants 
(GV for short). Let X be a moduli space of stable sheaves supported on curves 
of homology class (3 G H2{Y,'Z). GV invariants are integers UhiP) for h g Z>o 
defined by an sl2 x sh action on some cohomology of X such that no(/3) is the DT 
invariant of X and that they give all genus Gromov-Witten invariants Ng{(3) of Y. 
By Theorem ll.il there are an etale Galois cover p : X'f ^ X = XyC with a finite 
cyclic Galois group G and a perverse sheaf P* on X'^ which is locally the pullback 
of the perverse sheaf of vanishing cycles. By the relative hard Lefschetz theorem 
for simple perverse sheaves, we have an action of s/2 x SI2 on H* {X'^; gr P')'^ where 
grP' is the graded object of P* for any composition series of P* in the category 
Perv{X''') of perverse sheaves on X^ . This gives us a geometric theory of GV 
invariants which we conjecture to give all the GW invariants Ng(/3). 

Our proof of Theorem 11.11 relies heavily on gauge theory. By the Seidel-Thomas 
twist ([ini Chapter 8]), it suffices to consider only vector bundles on Y. Let B = 
A/G be the space of semiconnections on a smooth vector bundle E modulo the 
gauge group action and let Bsi be the open subset of simple points. Let cs : B ^ C 
be the Chern-Simons functional. Let X C Bsi be a locally closed complex analytic 
subspace. We call a finite dimensional complex submanifold V of Bsi a GS chart if 
the critical locus of / = cs|v is H X and is an open complex analytic subspace of 
X. By [TU], at each x G X, we have a CS chart V with T^V = T^X, which we call 
the Joyce-Song chart (JS chart, for short). Thus we have a perverse sheaf P*\v on 
V nX. One of the difficulties in gluing the local perverse sheaves P*\v is that the 
dimensions of the CS charts V vary from point to point. In this paper, we show 
that there are 

(1) a locally finite open cover X = UaUa', 

(2) a (continuous) family Vq — Ua of CS charts of constant dimension r, each 
of which contains the JS chart; 

(3) a homotopy V^^ Uap x [0,1] from Va\u^ii = ^ai3\t=(3 to Vp\u^fi = 

where Uaft ~ Ua U13. We call these GS data with one more ingredient. (See 
Proposition 13.121 ) 

From the CS data, we can extract perverse sheaves P' on Ua for all a and 
gluing isomorpisms aap ■ Pa\uc,f, ~^ P'\uci3- (See Proposition 13. 131 ) The 2-cocycle 
obstruction for gluing {P*} to a global perverse sheaf is shown to be 
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which coincides with the 2-cocycle obstruction for gluing the determinant line bun- 
dles of the tangent bundles of CS charts. Since the perfect obstruction theory 
Ext*(i?,f) for X is symmetric, the determinant of the tangent bundle is a square 
root of det Ext'(f ,f ). Therefore the local perverse sheaves {P*} glue to a global 
perverse sheaf if and only if there is a square root of det Ext' (f , £) in Pic{X). (See 
Theorem EH) 

When X is the moduli scheme of one dimensional stable sheaves on Y , we show 
that the torsion-free part of ci(det Ext*(f,f)) is divisible by 2 by Grothendieck- 
Riemann-Roch. More generally, Z. Hua ([H]) proved that it is true for all sheaves. 
In §8, we simplify his proof and generalize his result to the case of perfect com- 
plexes. Therefore possibly after tensoring by a torsion line bundle L, the line bundle 
det Ext* , £) admits a square root. By taking a spectral cover using L, we obtain 
a finite ctale Galois cover p : — >• X with a cyclic Galois group G and a perverse 
sheaf P' on X'^ which is locally the perverse sheaf of vanishing cycles of a local CS 
functional. (See Theorem 13. 161 ) 

The layout of this paper is as follows. In §2, we recall necessary facts about the 
perverse sheaves of vanishing cycles and their gluing. In §3, we collect the main 
results of this paper. In §4, we prove that there exists a structure which we call 
preorientation data on X. In §5, we show that preorientation data induce CS data 
mentioned above. In §6, we show that CS data induce local perverse sheaves, gluing 
isomorphisms and the obstruction class for gluing. In §7, we develop a theory of 
GV invariants. In §8, we discuss the existence of square root of det Ext'(f ,f ). 

An incomplete version of this paper was posted in the arXiv on October 15, 
2012 (1210.3910). Some related results were independently obtained by C. Brav, 
V. Buss, D. Dupont, D. Joyce and B. Szcndroi in We are grateful to Dominic 
Joyce for his comments and suggestions. We are also grateful to Zheng Hua for 
informing us of his paper [9] and to Yan Soibelman for his comments on orientation 
data (Remark 16. 12p . 

Notations. A complex analytic space is a local ringed space which is covered 
by open sets, each of which is isomorphic to a ringed space defined by an ideal 
of homomorphic functions on an analytic open subset of C" for some n > 0, and 
whose transition maps preserve the sheaves of holomorphic functions. A complex 
analytic variety is a reduced complex analytic space. We will denote the variety 
underlying a complex analytic space X by A". We will use smooth functions to mean 
C°° functions. In case the space is singular, with a stratification by smooth strata, 
smooth functions are continuous functions that are smooth along each stratum. We 
use analytic functions to mean continuous functions that locally have power series 
expansions in the real and imaginary parts of coordinate variables. We will work 
with analytic topology unless otherwise mentioned. 

2. Perverse sheaves of vanishing cycles 

In this section, we recall necessary facts about perverse sheaves of vanishing 
cycles. Let A' be a complex analytic variety and Z?^(A) the bounded derived 
category of constructible sheaves on X over Q. Perverse sheaves, introduced by 
Beilinson, Bernstein, Deligne and Gabber in [5] , are sheaf complexes which behave 
like sheaves. 
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Definition 2.1. An object P' e D''^{X) is called a perverse sheaf (with respect to 
the middle perversity) if 

(1) dim{a; £ X \ H"{i*P') = ff (Be(x);P*) ^ 0} < -i for all i; 

(2) dimja; £ X \ H"{i:^P') = wIb^{x),bJ{x) - {x];P') ^Q}<i for all i 
where i : {x} ^ X is the inclusion and Bg{x) is the open ball of radius e centered 
at X for e small enough. 

Perverse sheaves form an abehan category Perv{X) which is the core of a t- 
structure ([2 §2]). An example of perverse sheaf is the sheaf of vanishing cycles 
which is the focus of this paper. 

Definition 2.2. Let f : V C be a continuous function on a pseudo-manifold V . 
We define 

A} := 0/(Q[-l]) = i?r{R,e/<o}Q|/-i(o). 

When is a complex manifold of dimension d and / is holomorphic, A* [d] is a 
perverse sheaf on /"^(O). (See [IH Chapter 8].) Let Xf be the critical set [df = 0) 
of / in V. Since A*[d] = 0/(Q[c?— 1]) is zero on the smooth manifold /^^(O) — Xf, 
A*[d] is a perverse sheaf on Xf, called the perverse sheaf of vanishing cycles for /. 
The stalk cohomology of A*f[l] at x G /~^(0) is the reduced cohomology H'{Mf) 
of the Milnor fiber 

Mf ^ f-^{5)C\B^{x) for < 5 < e < 1. 

Proposition 2.3. Let f, /o, /i : — !• C be continuous functions on a pseudo- 
manifold V . 

(1) Let Z be a su bset of f^\0)nf^^{0). Suppose <i> : V ^ V is a homeomorphism 
such that $1^ = id^ and /i o $ = /q. Then $ induces an isomorphism $* : 
A*f_^ \ z — > A*f^ \ z in D (Z) by pulling back. 

(2) Suppose ■ V ^ V , t £ [0,1], is a continuous family of homeomorphisms 
perserving f , i.e. f ° ~ f for all t, such that $f |z = id^ and $o ~ idy- Then 
the pullback isomorphism $^ : A*f\z A'lz is the identity morphism. 

Proof. Let /* be an injective (or flabby) resolution of Q in D'^{V). Then $ induces 
a chain map $* : T^Yiefi<o}I*\z ^{Refo<o}I*\z with an inverse ($~^)*. This 
chain map induces an isomorphism of A', \ z above. 

Because 3>t preserves the set {Re/ < 0}, the isotopy {$*} induces a homotopy 
from the identity chain map $q = id^'i^ to $^ by realizing /* for instance by the 
complex of singular cochains. Since homotopic chain maps are equal in the derived 
category, we find that the induced isomorphism $* : A'lz A'f\z is indeed the 
identity morphism. □ 

Example 2.4. Let q = Y!h=i vf ■ '^^^ {Reg > 0} C C is a disk bundle 

overM.^ — {0} which is obviously homotopic to S^~^. From the distinguished triangle 

(2.1) Rr[R,g<o}Q^Q^ R^y-Q 

where i : {Reg > 0} ^ C is the inclusion, we find that A*^[V\ is a sheaf complex 
supported at the origin satisfying A*[l] = Q[— r + 1], i.e. 

A'[7']=Q. 

Suppose $ : C — >■ C is a homeomorphism such that qo^ = q. Since A'[r] = Q, 
the isomorphism $* : A'[r] A'[r] is either 1 or —1. The sign is determined by 
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the change in the orientation of the sphere S^^^ in the Milnor fiber. Since q is 
preserved by <I>, d$|o : TqC — > TqC^ is an orthogonal linear transformation with 
respect to q whose determinant is either 1 or —1. It is easy to see that these two 
sign changes are identical, i.e. 

$* = dct(d$|o) • id. 
The following fact about the sheaf A* of vanishing cycles will be useful. 
Proposition 2.5. (Sebastiani- Thorn isomorphism) 

(1) Let g : W ^ 'C be a holomorphic function on a connected complex manifold 
W of dimension d and let q = X]I=i vf ■ V = W x and f : V ^ C be 
f{z,y) = g{z) + q{y). Then the summation form of f induces an isomorphism 

A)[d + r] - pr^'Alid] ^pr^-^A'H - pr^'AUd] ® Q - pr^'Al[d\ 

of perverse sheaves on the critical set Xf of f . 

(2) Let -.V ^ V be a biholomorphic map such that /o<i> = / and <I>|vi/ = idn/x{o}- 
Then ^* : AJ ^ A' is det{d^\wx{o}) idA* and det(d<i>|H'x{o}) = ±1- 

Proof. (1) is a result of D. Massey in [21] §2]; (2) is proved in [U Theorem 3.1]. 
For reader's convenience we briefly sketch their proofs. We consider the map p : 
X C — given by {Reg, Reg). It is easy to see that the critical values of this 
map {g, q) : x C ^ lie in the axis lines {(a, b)\ab ^ 0} and we can deform 
p~^{{{a, 6) I a + 6 > 0}) to p~^{{{a, b)\a> or b> 0}). This is sufficient to prove 
the theorem via the distinguished triangles of vanishing cycles and nearby cycles 
because A*[r] = Q, 

A} ^ 0/(Q[-l]) = <^,(Q[-1]) = Al®Al= A;[-r]. 

For (2), since is identity on T\y and $ preserves /, d^\w preserves the 

quadratic form q and hence is an orthogonal linear transformation on the normal 
space to W at each point in W. Therefore det((i$|p(/) — ±1. 

By composing with an orthogonal transformation on C", we may assume that 
dct((i<I'|vi/x{o}) = 1- By (1), we have isomorphisms a : pr^^A' ^ ^'[f] a-nd 

a^^ o $* o cr : pr^^A'g — y pr^^A'. 

Since A* is supported in x{0}, it suffices to show that the restriction of tT~^o$*o(7 
to W X {0} is the identity id : A* ^ A*. Indeed, by the soft resolution of the 
constant sheaf Qw on W by the sheaf complex C" of geometric chains ((SJ Chapter 
II] ), Ag (Z can be realized as the sheaf oi 2d — k dimensional geometric chains 
^ which vanish on {Re 5 > 0}. The map a sends ^ to the join S* * ^ of a sphere 
S = 5"""^ in the Milnor fiber of q (Example 12. 4p and ^. Since $|vfx{o} = idw, $ 
sends 5* * ^ to $(5) * Since the orientation is preserved, $(5) is homotopic to S 
and thus <I'(S')*^ is mapped to ^ by cr"^ up to homotopy. As (t~^o<I>*oct — idp^-iyi'i 
we have $* = id/i* as desired. □ 

Alternatively, we can define A* using the Grothendieck functors. 

Lemma 2.6. Let f : V ^ <C be a continuous map from a pseudo-manifold V of real 
dimension 2d. Let j : {Re / < 0} ^ ^ 6e the inclusion. Then we have a natural 
isomorphism A'^ ^ JiJ'Q- 
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Proof. Let N ^ {Rc f < 0}. By HU Proposition 3.1.12], jQ = j-^RTnQ canon- 
ically. Since i?rArQ[(i] is supported on N, by jTl] Proposition 2.3.6], we find that 

For smooth fibrations, the perverse sheaves of vanising cycles are related as 
follows. 

Lemma 2.7. Let D and V be pseudo-manifolds and let f : V ^ <C be a continuous 
map. Let pr : D x V V be the projection and f = f opr. Then A' ^ pr~^A'. 

Proof Let ^ = {Re / < 0} and TV = {Re / < 0} = L» x iV. Let j be the inclusion of 
N into V and j = idu xj. Let pr be the restriction of pr to TV. Then A*~ = j\j'{Q). 
By [Hi Proposition 2.5.11], pr^^ o ji = Ji opr~^. By [TI] Proposition 3.1.9], we 
have a morphism pr~^jQv ^ JP^~^Qv = J'Qdxv which is an isomorphism by 
comparing the stalks using the Kiinneth formula since D is locally contractible. We 
thus have 

pr"^ j\j-Qv = J\pr~^j'Qv = JU'Qdxv- 
Therefore we have a canonical isomorphism pr^^A'r = A'^. □ 

It is a folklore that perverse sheaves and isomorphisms glue. 

Proposition 2.8. Let X be a complex analytic variety with an open covering {Xa}. 

(1) Suppose that for each a we have P* £ Perv(Xa) and for each pair a,/3 we have 
isomorphisms 

satisfying the cocycle condition a^j-y o ctq^ = cTa-y. Then {P'} glue to define a 
perverse sheaf P* on X such that P*\xa — P* '^'^'^ ^^'^^ '^ap is induced by the 
identity map of P*\x^nXf,- 

(2) Suppose P',Q' G Perv{X) and Oa '■ —-^Q'lx^, such that cTalx^nx^ — 
CF/ilxanXf, ■ Then there exists an isomorphism a : P* ^ Q' such that (t|x„ = cTq 
for all a. 

See [31 Theorem 2.5] for precise references for proofs of Proposition [^?51 One way 
to prove Proposition 12.81 is to use the elementary construction of perverse sheaves 
by MacPherson and Vilonen. 

Theorem 2.9. [Tni Theorem 4.5] Let S C X be a closed stratum of complex 
codimension c. The category Perv(X) is equivalent to the category of objects 
(B*,C) S Perv{X ~ S) x ShiQ{S) together with a commutative triangle 

R~''-^TT^K^K*B' > i?-%,7!7*B* 



such that ker(n) and cokcr(m) are local systems on S , where k : K L and 
^ : L — K ^ L are inclusions of the perverse link bundle K and its complement 
L — K in the link bundle n : L S. The equivalence of categories is explicitly given 
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by sending P* e Perv{X) to B* = P*\x-s together with the natural morphisms 




R '^Tr^:ip\(p* P' 



where (p : D — K ^ D is the inclusion into the normal slice bundle. 

See [ini §4] for precise definitions of K, L and D. Morally the above theorem 
says that an extension of a perverse sheaf on X — 5 to X is obtained by adding a 
sheaf on S. Since sheaves glue, we can glue perverse sheaves stratum by stratum. 

Proof of Provosition \2.8[ We stratify X by complex manifolds and let X^*) denote 
the union of strata of codimension < i. On the smooth part X'^^\ P* arc honest 
sheaves and hence they glue to a sheaf P*\x(o)- For X^^^ = X^^^^ U S, we find that 
since P* arc isomorphic on intersections Xa H Xp, the sheaves R~'^7T^,(p\ip* P' glue 
and so do the natural triangles 

(2.2) R-^n,K,K*{P'\xm) > i?" V7!7*(^*lx(o)) 




R ^n^ipiip*P'. 



Hence we obtain a perverse sheaf P'lxw G Perv{X^^'>). It is obvious that we can 
continue this way using Theorem 12.91 above until we obtain a perverse sheaf P* on 
X such that P'|x„ = f *• 

The gluing of isomorphisms is similar. □ 

Another application of Theorem l2.9l is the following rigidity property of perverse 
sheaves. 

Lemma 2.10. Let P* be a perverse sheaf on an analytic variety U . Let tt : T ^ U 
be a continuous map from a topological space T with connected fibers and let T' be a 
subspace ofT such thatirlx' is surjective. Suppose a morphism fi : tt^^P* = tt^^P* 
satisfies fi\T' ~ id(7r-ip»)]y, • Then = id^r-ip" . 

Proof. We first prove the simple case: if we let C be a locally constant sheaf over 
Q of finite rank on Z G U and /I : 7r~^C — ^ 7r~^C be a homomorphism such that 
/^lT'n7r-i(Z) = id, then /2 is the identity morphism. Indeed, since the issue is local, 
we may assume that Z is connected and that C = Q'' so that /2 : Q*" —> Q'' is given 
by a continuous map Tr~^{Z) — )• GL(7', Q). By connectedness, this obviously is a 
constant map which is 1 along T' r\TT~^{Z). We thus proved the lemma in the sheaf 
case. 

For the general case, we use Theorem 12.91 As in the proof of Proposition 12.81 
above, we stratify U and let C/*^*^ be the union of strata of codimension < i. Since P* 
is a perverse sheaf, P*|j/(o) [— dimJ7] is isomorphic to a locally constant sheaf and 
hence ii\mo) is the identity map. For U^^'' = U^^'^US, using the notation of Theorem 
12.91 C ~ R^^Tr^Lp\ip* P' is a locally constant sheaf and /i induces a homomorphism 
7r~^C TT~^C which is identity on T' n tt~^{S). Therefore ji induces the identity 
morphism of the puUback of \2.2\ by tt to itself and hence fx is the identity on U^^\ 
Continuing in this fashion, we obtain Lemma 12.101 □ 
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3. Preorientation data and perverse sheaves 

In this section, wc collect the main results of this paper. We first introduce 
the notion of preorientation data which induces a family of CS charts. This will 
give us a collection of local perverse sheaves and gluing isomorphisms. We identify 
the cocycle condition for the gluing isomorphisms as the existence of a square root 
of the determinant bundle of Ext*(f,f) = RTT^R'HoTn{£ , £) where £ denotes the 
universal bundle over 

3.1. Chern-Simons functionals on connection spaces. In this subsection we 
briefly recall the necessary gauge theoretic background. More details will be pro- 
vided in later sections. Our presentation largely follows [TOj Chapter 9]. 

Let y be a smooth projective Calabi-Yau 3-fold over C, with a Hodge metric 
implicitly chosen. We fix a nowhere vanishing holomorphic (3, 0)-form n on Y . Let 
ii^ be a smooth complex vector bundle on Y with a smooth hermitian metric. In 
this paper, a smooth semiconnection is a differential operator d : r2°(i?) r2°'^(i5) 
satisfying the 9-Leibniz rule. We denote by n^'''{E) the space of smooth (0,/c)- 
forms on Y taking values in E. Following the notation in gauge theory, we denote 
ad E ~ E"^ ® E; thus fixing a smooth semiconnection do, all other semiconnections 
can be expressed as do + a, with o G n°'^{adE). 

We fix a pair of integers s > 4 and i > 6, and form the completion il'^'''{adE)s 
of ^'^'^{adE) under the Sobolev norm Lf. (i^ is the sum of L^-norms of up to s-th 
partial derivatives.) We say i9o + tt is L\ if a is if , assuming Oq is smooth. We denote 
by Q the gauge group of Lf_|.]^-sections of kxit{E) modulo C*, which is the if+i 
completion of C°°(Aut(i?))/C*. We denote by A the space of Lf-semiconnections 
on E. We have isomorphism of affine spaces, after a choice of smooth 9o G A, via 

(3.1) dQ + ■ ■.^f^'^{adE)s — >A, a^do + a. 

The gauge group Q acts on A via g ■ {do + o) = {g^^)*{do + a). Let Asi be the 
^-invariant open subset of simple semiconnections, i.e. the stabilizer groups arc all 
C* • ids- Let 

Bs^ = As^/g C A/g := B. 

Then Bsi is a complex Banach manifold. 

An element d G A is called integrable if the curvature F^'^ (9)^ vanishes. If 
B is integrable and a G fi"'^ (arf £■), then 9 + a is F^'^^ = Ba+aAa. By Sobolev in- 
equality, F^''^^ is a continuous operator from il'^-^{adE)s to QP''^{adE)s-i., analytic 

in a. An integrable smooth semiconnection d defines a holomorphic vector bundle 
iE,d)onY. 

Picking a (reference) integrable d € A, the holomorphic Chern-Simons functional 
is defined as 

CS -.A^C, CS{B + a) = ^ y tr (J^{Ba) A a + A a A A f7. 
This is a cubic polynomial in a whose quadratic part is 

CS2iB + a) = ^ / tr(i(9a) A a) A ^i. 
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Since the directional derivative of C5 at d + a in the direction of b is 
SCS(d + a)(b) = ^l^ tr(b A F|;2J A n, 

S CS{d + a) = if and only if 9 + a is integrable. Thus the complex analytic 
subspace of simple integrable smooth semiconnections in Asi is the critical 
locus (complex analytic subspace) of CS. Let QJ^i = A"-*'/G C Bsi- Since CS is 
t/-equivariant, it descends to 

cs:B^C 

whose critical locus (complex analytic subspace) in Bsi is ^si- 

3.2. The universal family over X. Let X C 23^^ C S be an open complex 
analytic subspace and denote by X = Xrcd the Xsot endowed with the reduced 
scheme structure. We assume that X is quasi-projcctive and that there is a universal 
family of holomorphic bundles £ over XxY that induces the morphism X B. Our 
convention is that £ is with its holomorphic structure dx implicitly understood. 
For a; G X, we denote by = £\xxy, the holomorphic bundle associated with 
X £ X. We denote by dx the restriction of dx to £x- We use ad£x to denote the 
smooth vector bundle £^ <E) £x- 

We fix a Hermitian metric h on £ that is analytic in X direction (see Subsection 
14. 3p . For X G X, we denote by hx the restriction of h to £x- Using hx, we form 
^l'^ ''{ad£x)s, the space of ad£x-vaiued (0, fc)-forms. We form the space Ax of if 
semiconnections on f^.; which is isomorphic to ilP'^{ad£x)s via dx + ■ (cf. p.ip ). 
We form the adjoint S^. of dx using the hermitian metric hx ■ 

Since Aut(£'a;) = C*, a standard argument in gauge theory shows that the tangent 
space of B at X is 

(3.2) TxB^n'''\ad£x)s/lMdx)s='keTidl)s, x G X, 

where the first isomorphism depends on a choice of smooth £x = E; the second 
isomorphism is canonical using the Hodge theory of {£x, dx, hx). (We use the sub- 
script "s" to indicate that it is the image in il'^-^{ad£x)s-) For any open subset 
U C X, we denote TuB = TB\u- Since X C S is a complex analytic subspace, it is 
a holomorphic Banach bundle over U . 
For X £ X , wc form the Laplacian 

= dxdl + dldx : n'''\ad£x)s ^ n^'\ad£x)s-2, 

and its truncated eigenspace 

e^(e) = C-span{a £ n°'^{ad£x)s \ dla = 0, D^a = Aa, A < e} C ker(9*)s- 

Note that TxX = ker(na;)g'^ C Oa;(e) for any e > 0; since {£x,dx,hx) are smooth, 
02:(e) C ff'^{ad£x) (i.e., consisting of smooth forms). 

3.3. Preorientation data. We recall the quadratic form cs2.x on TxB, x £ X, 
induced by the CS-function cs : S — > C, defined explicitly by 

cs2,x{ai,a2) = ^ y"tr(ai A 9^02) A fi, £ {ad£x)s/^eT{dx)s- 

Since Tx3C is the null subspace of cs2.x, we have the induced non-degenerate qua- 
dratic form 



(3.3) 



Qx : TxB/TxX x TxB/TxX C. 
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We introduce the notion of orientation bundles and their honiotopies. Let r be 
a positive integer. (The notion of analytic subbundles will be recalled in the next 
section.) 

Definition 3.1. Let U (Z X be open. A rank r orientation bundle on U is a rank 
r analytic suhhundle S C TijB such that 

(1) there is an assignment U 3 x H> e^; G (0, 1), continuous in x G U , such that 
for every x eU, &x{ex) C S^; := 

(2) at each x gU , Qx'-= Qx\r.^/T^'x. a non- degenerate quadratic form. 

We also need a notion of homotopy between orientation bundles. 

Definition 3.2. Let Sa and Sf, he two orientation bundles over U . A homotopy 
from Sa to Sb is a family of orientation bundles 'E.t on U , such that 

(1) the family is analytic in t, and So = Sq and Si = S;,; 

(2) for all t £ [0, 1], St satisfy (1) of Definition lS. l\ for a single e.. 

The following is one of the key ingredients in our construction of perverse sheaves 
on moduli spaces. 

Definition 3.3. We say X is equipped with rank r preoricntation data if there are 

(1) a locally finite open cover X ~ UqC/q, 

(2) a rank r orientation bundle S^ on Ua for each a, and 

(3) a homotopy Sq,^ from Sq|[/^^ to S^|[/^^ for each Uap = H Up. 

Since the open cover is locally finite, for each x £ X, we can find an open set 
Ux which is contained in any Ua with x inside. Wc can further choose e^; > such 
that Sq D Qxi^x) whenever x 6 To simplify the notation, from now on we will 
suppress and write Qx for the subbundle Qxi^x)- 

In we will prove the following. 

Proposition 3.4. Every quasi-projective X C 2Jsi with universal family admits 
preoricntation data. 

3.4. Families of CS ciiarts and local trivializations. We introduce another 
key ingredient, called CS charts. 

Definition 3.5. Let f be a holomorphic function on a complex manifold V such 
that is the only critical value of f. The reduced critical locus (also called the 
critical set) is the common zero set of the partial derivatives of f . The critical 
locus of f is the complex analytic space X/ defined by the ideal (df) generated by 
the partial derivatives of f . 

Definition 3.6. An r-dimensional CS chart for X is an r-dimensional complex 
submanifold V of Asi, which embeds holomorphically into Bgi by the projection 
Asi — > Bsi, such that, letting i : V B be the inclusion, the critical locus Xcsm C V 
is an open complex analytic subspace of X G 23si . 

We say the chart {V, i) contains x <E X x £ i{Xcsoi)- 

Example 3.7. By [TUl Theorem 5.5], For any x = Bq e QJ^i 

V = {da^do + a\ d*oa = ao*F°f^^ = 0, || a ||,,< e} c As^ 

is a CS chart of X containing x of dimension dhnTxX, for a sufficiently small 
e > 0. This chart depends on x and the choice of a hermitian metric on E for 
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which the adjoint Oq depends on. In this paper, we call this chart the Joyce-Song 
chart at x. We remark that when do and the hermitian metric are smooth, then all 
do + a €z V are smooth. 

Definition 3.8. Let p : Z X be a continuous map from a topological space Z 
to X . Let r be a positive integer. A family of r-dimensional CS charts (for X) is a 
subspace V G Z x B that fits in a diagram 

i-Z X B 



Z 

such that for each x £ Z the fiber Vx '■= 'k~^{x) C Bsi and is an r-dimensional CS 
chart of X containing p{x). 

Given V C Z x B a. family of CS charts over p : Z — > X. we define A(Z) = 
{(x,p{x)x) \ X ^ Z} C Z X V, where p{x)x is the unique point in Vx whose image 
in B is p{x). 

Definition 3.9. A local trivialization of the family Z ^ V ^ Z x B consists 
of an open Uq C Z, an open neighborhood lA of A(C/o) C Vuq T^^^iUo), and a 
continuous 

(3-4) f/o X Vuo D U — ^ Vc/„ X [/o, 

such that commutes with the two tautological projections U C UqX Vuo ^ UqxUq 
and Vuo Uq Uq x Uq, and that 

(1) let Uq Uq X Uq be the diagonal, then "^luxuoxuaUo = id; 

(2) for anyx, y &Uq, letting lAx^y =Un{xxyy) and ^x,y := : i^x.y -> Vx, 
then Vfx.y is biholomorphic onto its image; restricting tolAx.yClXf^ is 
an open immersion into X/^ C Vx, commuting with the tautological open 
immersions Xf^,Xf^ C X. 

We say that V C Z x B admits local trivializations if for any xq Cz Z there is a 
local trivialization over an open neighborhood Uq of xq S Z. 

Definition 3.10. Let Z C M" be a (real) analytic subset defined by the vanishing 
of finitely many analytic functions. Let V C Z x B be a family of CS charts over 
p : Z ^ X. A complexification ofV consists of a complexification Z^ C C" of Z 
(thus having Z^ n = Z), a holomorphic p^ : Z^ — > X extending p : Z ^ X , 
and a holomorphic family of CS charts V"' C Z^ x B over Z*^ (i.e. V'^ is a complex 
analytic subspace of Z'^ x B) such that 

Xzc Z = V C Z X B. 

Let U C X he an open subset and V C U x i3 be a family of CS charts over U 
which admits local trivializations. Let Uq C U he an open subset and 5* in p.4p a 
local trivialization of V over Uq. 

Definition 3.11. We say that the local trivialization 5* is complexifiable if for any 
X ^ Uq, there is an open neighborhood x G Ox C Uq such that if we let Vq^ C Ox x B 
and \l/o^ : Vo^ x Ox, where Uq^ ^Uxjjy^OxX Vq^ and is the pullback 

of ^ , the following hold: 

(1) the family Vo^ C Ox x B admits a complexification Vqc C x B over a 
complexification Ol^ of Ox ; 
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(2) there is a holomorphic local trivialization : Uqc Vqc x O'^ , i.e. 

Uqc C X Vqc is open and contains the diagonal A(O^), such that ^qc 
is holomorphic, 

Uqc Xqc = Uo, and * = vE-qc \u : Wq, ^ Vo, x C Vqc x O^. 

In fJSJ we will prove the following. 

Proposition 3.12. Let X C Bgi be equipped with preorientation data (UJ/q, Sq, Sq,^). 
T/ien t/iere are 

(1) a family of r- dimensional CS charts Va C Ua x B with complexifiable local 
trivializatons at all x G Ua ; 

(2) a subfamily Wx of CS charts in Va\ua:i subbundle Wx ofVa\ij^ which 
admits compatible complexifiable local trivializations 

Ux X Va\u^ D U — > Va\u^ X Ux 



Ux X Wx\u^ D W Wx\u^ X Ux 

for each x <ZUx C Ua,' 
(3) a family of CS charts Vq,^ parameterized by Uap x [0, 1] with '^a/3\ua/3x{o} = 
'^a\uai3J '^ap\ucf)x{i} — '^/sluaiij which has complexifiable local trivializa- 
tions at all {x,t) £ Uai3 X [0,1], such that 'Va^lu^xlo,!] contains the sub- 
family Wx X [0, 1] of CS charts over Ux x [0, 1]. 

We call the above (Vq, W^;, Vq,^) CS data for X. 

3.5. Local perverse sheaves and gluing isomorphisms. Given CS data, we 
can construct perverse sheaves P* on each Ua and gluing isomorphisms ctq,^ : 

We will prove the following in fJH 

Proposition 3.13. (1) Let tt : V — !> C/ be a family of CS charts on U C X C Bsi 
with complexifiable local trivializations at every point x G U. Then the perverse 
sheaves of vanishing cycles for 

fx-Vx^7T-\x)cBs,^C 

glue to a perverse sheaf P' on U, i.e. P' is isomorphic to A' [r] in a neighborhood 
of X. 

(2) Let Vq and Vp be two families of CS charts on U with complexifiable local 
trivializations. Let P* and P* be the induced perverse sheaves on U . Let V be a 
family of CS charts on U x [0,1] with complexifiable local trivializations such that 
VI 

Ux{Q} ~ and yiuxli} ~ V/j. Suppose for each x € U, there are an open 
Ux C U and a subfamily W of both Valu^ o-^d Vp\ui^ such that W x [0,1] is a 
complexifiable subfamily of CS charts in V|[/^x[o.i]- Then there is an isomorphism 
: Pa — P* of perverse sheaves. 

(3) If there are three families Vq, V^, with homotopies among them as in (2), 
then the isomorphisms (Ta^g, cT/g-y, cr-ya satisfy 



aapf ■= cr^a o Cr^7 o (7q^ = ± id . 
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In fact, the isomorphism in (2) is obtained by gluing puhbaek isomorphisms 
via biholomorphic maps Xap ■ ^a,x '^p.x at each x. The sign ±1 in (3) is the 
determinant of the composition 

rp , , djc^ dx^ 

X ^a^x ^ ^x *^l3.x ^ X "^7, a: ^ x ya,x 

where V.^x is the fiber of V. over x. By Serre duahty, detTV^^a; is a square root 
of detExt*(f,f) and hence the 2-cocycle CTq^^ defines an obstruction class in 
Z2) for the existence of a square root of det Ext' (f , f ). Combining Propo- 
sitions [331 |3lT2] and |3lT3l we thus obtain the following. 

Theorem 3.14. Let X C X C 2Jsi be quasi-projective and equipped with a universal 
family £. Then there is a perverse sheaf P* on X which is locally a perverse sheaf of 
vanishing cycles if and only if there is a square root of the line bundle det Ext* (f , £) 
in Pic(X). 

It is obvious that the theorem holds for any etale cover of X. 

3.6. Divisibility of the determinant Hne bundle. In this subsection, we show 
that for moduli spaces X of stable sheaves on Y, and for the universal sheaf £ on 
X xY, det Ext* (£", f ) has a square root possibly after taking a Galois etale cover 

-)■ X. By Theorem EH there is a globally defined perverse sheaf P* on 
which is locally the perverse sheaf of vanishing cycles. 
To begin with, using the exponential sequence 

H\X, Ox) H\X, 0*x) H\X, Z) H\X, Ox), 

we see that 

(3.5) detExt;(f ,f) = det RTT^Rnom{£,£) 

admits a square if and only if its first Chern class in {X, Z) is even. We deter- 
mine the torsion-free part of the first Chern class of p.Sp using the Grothendieck- 
Riemann-Roch theorem: 

ch(Ext;(f,5)) = 7r,(ch(i?7^om(£:,£:))td(y)). 

Since £ is fiat over X, cci := Ci{£) G j4*(X x Y)^^. Let r ~ rank£^. Then one has 

ch(f ) = r + ai + -(a? — 2ai) + -7(0!? — 3aiQ!2 + iaz) + (^4 + • • • , 
2 

where (^4 ^ A^{X x Y)^, and • • • are elements in A^^[X x Y)^. Thus 

(3.6) ch(i?-Hom(f ,£)) = ch(f)ch(f'') 

= ((r - \)a\ - 2ra-2) (-y^ + 0i\- a^a^ 2r,54) + ■ ■ • ■ 
Since y is a Calabi-Yau three-fold, we have 

td(r) = i + ^c2(ri.). 

Thus by GRR, the torsion-free part of the first Chern class of (|3.5p is 

(3.7) ci (det Ext; (£:,£:)) = [ch(Ext;(f , f ))] ^ 

- ^*(-^ + "2 - "las + 2r54 + ((r - \)a\ - 2ra2)—C2{TY)) 
where [-Ji denotes the degree one part in A^Xq. 
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We now suppose that X is the nioduh of one dimensional sheaves. Then r = 
and ai = 0. Hence p.7p reduces to 

ci(det Ext; (£:,£:)) = n^al). 

We let [02] be the torsion- free part of the image of 02 in H'^{X x Y,Z). Wc apply 
the Klinneth formula [27]. By the canonical isomorphism (modulo torsions) 

H^{X X y,Z)/tor^ [ff*(X,Z) ® i?*(y,Z)]Vtor. 

We write [02] = J2t=o J2j ® b4:-i,j, where 64-i,i G H'^^'^{Y, Z), etc. Then 

4 

["2]^ = X] X! "-^'i ® ^ J ® ^■»-4j = X! "2i,j ® ^4-2j,i mod 2, 

i=0 j i,j 

whose part in • (g) [F]^ is trivial. This proves that the torsion- free part of p.7p is 
even. More generally, by a similar calculation, it can be shown that the torsion- 
free part of (|3.7p is even for any perfect complex £ on X x Y. See Theorem 18.11 
Therefore we have the following. 

Lemma 3.15. Let X be a fine moduli scheme of simple sheaves on Y . There is a 
torsion line bundle L on X = Xred with L®'^ = Ox for some k > such that the 
pullback 0/ det Ext;(£, £) by the cyclic Stale Galois cover 

p: X'' = {s e L\s'' = 1} ^ X 

admits a square root C on X'^ . 

Proof. Since the torsion-free part of ci (det Ext;(£, £)) is even, there is a torsion 
line bundle L on X such that L(8)detExt;(£,f ) is torsion-free and admits a square 
root. Note that the pullback of L to X^ is trivial. □ 

For a moduli space X of stable sheaves with universal bundle, we can apply 
the Seidel-Thomas twists (flO|) so that we can identify X as a complex analytic 
subspace of Bsi- By Theorem 13. 141 we have the following. 

Theorem 3.16. If X is a fine moduli scheme of stable sheaves on Y, there exist a 
cyclic etale Galois cover X"^ — > X and a perverse sheaf P' on X"^ which is locally 
the perverse sheaf of vanishing cycles. 

4. Existence of preorientation data 

In this section we prove Proposition [S^H We construct orientation bundles, their 
homotopies, and their complexifications. 

4.1. The semiconnection space. We continue to use the convention introduced 
at the beginning of Subsection 13.21 Thus, 8 is the universal family of locally free 
sheaves on X y.Y and {£xi dx) is the restriction £\x>iY , and we use ad£x to denote 
the smooth vector bundle f ^ ®£x- 

Since X is quasi-projective, X has a stratification according to the singularity 
types of points in X. Wc fix such a stratification. Wc say a continuous function 
(resp. a family) on an open U G X is smooth if its restriction to each stratum is 
smooth. 

We now choose a smooth Hermitian metric h on £. Since X is quasi-projective, 
by replacing £ by its twist via a sufficiently negative line bundle from X, for a 
sufficiently ample % on Y, we can make £^ ® pyT-l generated by global sections, 



CATEGORIFICATION OF DONALDSON-THOMAS INVARIANTS 



15 



where py : X xY ^ Y is the projection. Thus for an integer N, we have a surjective 
honiomorphism of vector bundles O^^y ~^ ® Py'K; duahzing and untwisting 
■H^, we obtain a subvector bundle honiomorphism E C ppTi®^ . We then endow 
a smooth hermitian metric; endow the direct sum metric, and endow pyT-i®^ 
the pullback metric. We define h to be the induced hermitian metric on S via the 
holomorphic subbundle embedding £ C PyTL®^ . For x G X, we denote by the 
restriction of h to £x- 

For the integers s and i chosen before, we denote the if -completion of ff'"'' {ad£x) 
by rf'''{ad£x)s- We form the formal adjoint of dx using the hermitian metric 
hx- Then dx and 9^ extend to differential operators 

dx (resp. dl) : n°-''iad£x)s+i-k ^ n°-''+\ad£x)s~k {resp. n"^''-\ad£x)s-k)- 

We use ker(9a;)°^j^_j. to denote the kernel of dx in il'^'''{ad£x)s+i-k', likewise, 
ker(9^)^^j^_^. We form the Laplacian 

= dxdl + dldx : n°^''{ad£x)s+i-k ^ n"^Had£x)s-i^k- 

We denote by □^^(0)"''^ the set of harmonic forms (the kernel of □,,;) in Q'^'''{ad£x)^ 

It will be convenient to fix a local trivialization of £. Given xq ^ X, we realize 
an open neighborhood Uq C X of xq as Uq = Xf^, where (Vb,/o) := {Vxo,fxo) 
is the JS chart. We fix a smooth isomorphism E ~ £xo- Since Vq is a complex 
manifold, by shrinking ccq G Vq if necessary, we assume that Vq is biholomorphic to 
an open subset of C" for some n. We let z = (zi, • • • , z„) be the induced coordinate 
variables on Vq. By abuse of notation, we also use z to denote a general element in 
Vo. 

Let do + Oo(z) be the family of semiconnections on E of the chart (Vb,/o). 
Because ao(z) satisfies the system in Example 13.71 dzCioiz) = 0. Let Ev„ = Vq x E, 
as a vector bundle over Vq x Y. Let dz be the 9-opcrator along the z direction of 
the product bundle Eyg = Vq x E. Then dvo '■= do + dz + ao(z) is a semiconnection 
on Evo- It is known that (cf. [TUl Chapter 9],^)Xf„ = = 0), which is 

the same as {{dvo)'^ = 0) since dzao{z) = 0. 

Using Uq = Xfg, the restriction (£'vb, dvo)\uo is a holomorphic bundle over Uq x 
Y. By construction, it is biholomorphic to £uo '■= £\ua- Let 

(4.1) C ■■ {Eu,,dvo\uo) ^ £uo 

be a biholomorphism. Since £xa is simple, we can assume that C extends the smooth 
isomorphism E ~ £xq we begun with. In the following, we call C a framing of £ 
over Uq. 

Via this framing, we identify Vf''''{ad£x)s with Vf'''^{adE)s] the connection form 
ao(z) locally has convergent power series expansion in z everywhere over Vq, with 
coefficients smooth ad-E-valued (0, l)-forms. 

Another application of this local framing is that it gives local trivializations of 
TxB. Using the holomorphic family of semiconnections do + Oo(z), we embeds Vq 
into as a complex submanifold. (Since (Vb,/o) is a CS chart, Vq C Bsi-) Using 
B = A/Q^ wc have an induced surjective homomorphism of holomorphic Banach 



If we don't put any subscript at f2''' (-), it means the set of smooth sections. 
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bundles 

(4.2) Vq X ^f-^{adE)s — > Ty^B. 

By shrinking S Vq if necessary, the induced Vq x ker(9g)°'^ Ty^B is an iso- 
morphism of holomorphic Banach bundles. Since for X e X,d^: n°^^{ad£^), ^ 
J7°(a(i£'a;)s_i/C is surjective, ker(9 )'^^ := Ylxex^^'^('^x)^'^ ^ smooth Banach 
bundle. The same holds for kcr(a)5^^ C n'^/ iad£),-i. 

4.2. Truncated eigenspaces. Wc form the (partially) truncated eigenspace 
e^ie)-~ C-span{a £ n°'\ad£^)s \ dla ^ 0, D^a = Xa, A < e} C ker(a*)°'^ 

and its (0, 2)-analogue 

e^(e)':= C-span{a e Q"-^{ad£^), \ d^a = 0, D^a = Ao, A < e} C ker(a^)°'2. 

Let [/ C X be an open subset. We form 

0£/(e) = II 0.(e) C ker(a*)^V and Q'u{e) = [] e^e) C ker(S)^V- 
xeu xeu 

Recall that each has discrete non-negative spectrum. We say an e > separates 
eigenvalues of Dj; for x G U if for any x € U, e is not an eigenvalue of D^- 

Using that all £x in X are simple, we have the following vanishing result. 

Lemma 4.1. There is a continuous function X 9 a; i— S- e^; G (0, 1) such that for 
any x E X , Dx has no eigenforms in kcT{dx)s and ker(9^)j.^]^ of eigenvalues 
A e (0,e,). 

Proof. For any xo G X, we pick a connected open xo G ?7o C X so that the closure 
C/q C X is compact. We show that we can find eo > so that the first statement 
holds for X € Uq and replaced by eq. 

Suppose not. Then we can find a sequence a;„ G Ua, a„ G kei{dx„)^'^ and A„ > 
such that Dx„ctn = XnCtn and A„ ^ 0. Using the spectral theory of self-adjoint 
operators and Hodge theory, and that dx^ctn = 0, we conclude that a„ = dx^Pn 
for a e ker(9*)°. Since Ux^Un = A„a„, dx„{dx^dx„l3n - KPn) = 0. Further, 
by subtracting a constant multiple of ids, we can assume tr/3„ *1 = for all n. 

Since C/q is compact, by passing through a subsequence we can assume a;„ ^ 
X G Uq. Then after normalizing the norm of /?„ to be one, using elliptic estimate 
we conclude that (after passing through a subsequence) /?„ converges to /3 ^ G 
ker((?^)° and satisfying dxd*xdxP = and /^tr/3 *1 = 0. From dxd*xdxP = 0, we 
conclude dxl3 — 0. Because £x is simple (by assumption on X), / tr /3 *1 = forces 
/? = 0, contradicting to || /? Hif = 1. 

Since X is quasi-projective, we can cover X by a countable number of open 
subsets each of which has compact closure in X. Applying the proof to each of 
these open set, we conclude that a continuous e(-) exists making the first statement 
of the lemma hold. The proof of the part on 'keT{d x)^s-i parallel, using that for 
every a; G X, because y is a Calabi-Yau threefold, □^^(0)°'3 ^ □"1(0)0 ^ C. This 
proves the lemma. □ 

We will fix this function e(-) in the remainder of this section. 
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Lemma 4.2. Let U d X be connected and open, and let eo G iO,ex) separate the 
eigenvalues of Ox for all x G U. Then Qui^o) (resp. 6'[/(eo)J is a smooth subbundle 
o/ker(9*)5^V (resp. ker(df/\u)- 

Proof. Since eg is not an eigenvalue of for all x G U, and since U is connected, 
the family 

6x(eo) = span{a £ n"''^{adEx)s \ O^a = Xa, A < eo}, x e U, 
have identical dimensions and form a smooth (finite rank) vector bundle over U 
(cf. [12]). Because eo < for all x e U, 9:E(eo) n Im(dx) = {0}. Therefore, 
&x{co) = Qxi^o) for all x £ U. This proves that 0;7(eo) is a smooth bundle 
over U and thus a smooth subbundle of ker(9 )_^ \u. The proof for the other is 
identical. □ 

4.3. Complexification. We recall the notion of analytic families. Let D C C" 
be an open subset, with z = (zi,--- ,z„) its induced coordinate variables, and 
Re z = (Re zi, ■ ■ ■ , Re z„) and same for Im z. An analytic function on Z? is a smooth 
C- valued function on D that locally has convergent power series expansions in Re z 
and Imz. We denote by OJJ' the sheaf of analytic functions on D. An analytic 
section of 0%'' is a section of the sheaf Of/' 0Od 0™- 

Definition 4.3. Let F U be a holomorphic vector bundle over a reduced complex 
analytic subspace U. We say a continuous section s G C'^{U,F) is analytic if at 
every x G U , there is an open neighborhood Uq C U of x ^ U , a holomorphic 
trivialization F\ijq = 0®^ and a closed holomorphic embedding Uq C D into a 
smooth complex manifold D such that s\ug is the restriction of an analytic section 
of 0®'^. We say a rank I complex subbundle F' <Z F is analytic if locally F' is 
spanned by I analytic sections of F. In case F is a holomorphic Banach vector 
bundle over U , the same definition holds with 0®^ replaced by the local holomorphic 
Banach bundle trivializations F\if^, = B x Uq, for Banach spaces B. 

The purpose of this subsection is to prove 

Proposition 4.4. Let the situation be as in Lemma \4-.2\ Then the bundle Qu{^) 
is an analytic subbundles ofTuB. 

We will prove the proposition after we construct a complexification of the family 
d^. Since this is a local study, for any x^ G we pick an open neighborhood 
Uq C U and fix an isomorphism ( (cf. (|4.ip ') derived from realizing Uq ~ Xf„ for 
the JS chart (Vo, fo) = iVxoJx„). 

Let Z) C Vb be an open neighborhood of G Vq. As in the discussion leading to 
(|4.1[) . we denote by do + ao{z) the family of semiconnections on Evo = E xVq over 
Vq xY. The connection form ao{z) is a il'^'^ {adE)-valncd holomorphic function on 
D, with ao(0) = 0. 

Writing Zfe ~ Uk + ivk, we can view D as an open subset of R^", where R^" 
is with the coordinate variable (ui, • ■ • , u„, ui, • • • , u„). By allowing Uk and Vk to 
take complex values, we embed R^" C C^", thus embed D C C^" as a (totally real) 
analytic subset. We call an open D'^ C C^" a complexification of D if £)^nR^" = D. 
We use w to denote the complex coordinate variables of C^" . 

Lemma 4.5. We can find a complexification D D such that the function ao{z) 
extends to a holomorphic ao(-)c ■ ^ n^'^{adE). 
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Proof. The extension is standard. Since ao{z) is derived from the JS chart, it is 
holomorphic in z. Thus for any a = (ai, • • • , an) S D, ao{z) equals to a convergent 
power series in (zk — ak) in a smaU disk centered at a with coefficients in n^'^(adE). 
Letting ak ~ ak + ibk, ak,bk S M. and writing Zk = Uk + ivk, the power series 
becomes a power series in {uk — ak) and {vk ~ bk). 

Because Uk and Vk are complex coordinate variables of C^" D R'^" D D, ao{z) 
extends to a holomorphic 51°'^(adi?)-valued function in a small neighborhood of a 
in C^". Because the extension of a function defined on an open subset of M^" to 
a germ of holomorphic function on C" is unique, the various extensions of ao{z) 
using power series expansions at various a € D give a single extension of ao{z) to 
a holomorphic ao(w)c on some complexifications D D. □ 

For D C Vq a neighborhood of = xo G Vb, we denote 

Oa:= Dn Xf„ ^ DnX. 

For x S Oq, wc write 8,^. = Oq + ao(a;)^. The extension problem for ao(x)^ is more 
delicate because it is not defined away from Oq. 

Lemma 4.6. For any y €Y , there is an open neighborhood ScYofyGY and an 
open neighborhood D C Vq o/ S Vq so that the hermitian metric h\ooxS extends 
to an £f+2 hermitian metric on E]:)xs'= ^'dIdxS; analytic in z £ D. 

Proof. Let 5 C F be an open neighborhood of y so that S is biholomorphic to the 
unit ball in C^, and that f |ooxS — OqoxS ^'^'^ ^Is == ^s- 

We let ks be the hermitian norm of 1 in O5 ^ 7^ Is of the hermitian metric of 
% fixed earlier. Then ks is a smooth positive function on S. We let si, ■ • • , be 
the standard basis oi£\ooxs — OqoxS- Because £ C Py'H®^ is a subvector bundle 
over X xY, using His = Os, the image of Sk inpyH®^|ooxs has the presentation 
Sfc = (sk.i, ■ ■ • ,Sfc,Af), where Sk,j S r(Oooxs)- Then the hermitian metric form of 
h on £\oaxs in the basis si, • • • ,Sr takes the form 

(4.3) h{sk,si) = fcg ■ SkjsTJ. 

j 

To extend this expression over Dx S, we will modify the semiconnection doxs 
do + dz + aoloxs an integrable semiconnection djj^^g and extend si, • • • ,Sr to 

holomorphic sections of {E^xs, doxs)- 

Let m C O^) be the maximal ideal generated by zi, - ■ ■ , Zn, and let / C O^i be 
the ideal sheaf of D (1 X C D. Then = mod /. We construct dn^ q by 

power series expansion. We let s' — s + 2, and set bo(2) — 0. Suppose we have 
found hk{z) G QP''^{adE\s)s' ®c I such that 

(4.4) dobk{z) E n'^'\adE\s)s' <E>c I and F°^^^ ^ = mod m'^ n /, 

where F-^'^ — (^g + 00(2) + b/c(z))^|_Dxs- Then by the Bianchi identity, 

using Oo(0) ~ bfe(O) = 0, wc have 

(4.5) doF°^l f t (^0 + ao{z) + bk{z))F^'l , , _ , ee mod m^'+i n /. 
We let e m'' n /, a G A^, be a C-basis of (m'' n /)/(m''+^ n /); we write 

FI'"^ , . . r Aa<i>cr Hiod m^+'^ C] I. 

aSAfc 
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Because ao{z) is from the family on the JS chart, ao{z) G ilP'^{adE) ®c I (i-C- is 
smooth). Thus using (|4.4|) and ()4.5p . we conclude that Aa & ^^■^{adE\s)s' , and 
doAa = 0. Since S is biholomorphic to the unit ball in C'^, it is strictly pseudo- 
convex with smooth boundary. Applying a result of solutions to the 9-equation 
with LI estimate (cf. [131 Theorem 6.11]), there is a constant C depending only on 
S such that for each a £ A^, we can find Ba G 51°'^(a(i£'|s)s' such that 

(4.6) doB^ = A^ and \\B^\\lI(s)< C WA^^Wl^s) ■ 

We define 5k{z) = Y^aeAk ^a^a, and let bk+iiz) = bk{z) + 5kiz). Then holds 
with k replaced by k + 1. 

We consider the infinite sum J^kLi ^k{z)- Using the estimate (|4.6p . and the Mor- 
rey's inequality || u ||c'0,i-6/«(-g-)< C \\ u ||l«(s) for the domain S, a standard power 
series convergence argument (cf. [HI Section 5.3(c)]) shows that possibly after 
shrinking £ Z) and y E S, X^feLi ^kloxS converges to a b{z) £ ^^'^{adE\s)s' ®c^- 
Then the semiconnection 

9'dxs ■= do + dz + ao{z) + b{z) 

on Edxs is integrable and is the desired modification. 

We now extend the metric. Possibly after shrinking G D and y € S, we can 
assume that the subbundle homomorphism £\oaxS ~^ Pv^®^looxS extends to a 
subbundle homomorphism 

g:iEDxs,dDxs) -^P*y'H®''\dxs; 

the sections Si, • • • , Sr extend to holomorphic sections Si, • ■ • , of (i?_DxSi cIdxs) 
that span the bundle Edxs- Using 'H\s = O5, and writing g{sk) ~ (sfe.i, ■ • ■ , Sk,N), 
we define 

w 

(4.7) hsisk,si):^ ks -^Skjsi^j, 

which defines a hermitian metric hs of EoxSi extending the metric (|4.3p . 

It remains to express the metric hs in a basis constant along D. We let = 
Sfeloxs; ei, • • ■ , Cr form a smooth basis of i?|s. We let Cfc be the puUback of via 
the tautological projection EdxS E\s- Under this basis, ao{z) + b{z) becomes 
an r X r-matrix with entries fi'''"'^(ad£'|s)s'-valued holomorphic functions over D. 
Let Ckj be functions so that Sk = 'YjCkjCj. Because Sk are djj^g holomorphic, 
using dzCk = doSk = 0, we have 

dzCkj + (00(2) + b{z))ktCij + doCkj = 0. 

Since the only the term dzCkj takes value in (0, l)-forms of D, (others take value 
in (0, l)-forins of S,) we have dzCkj = 0. Therefore, Ckj are holomorphic in z. 
This proves that the hermitian metric form of ^15 under the basis ei , • • • , is real 
analytic in (Re2:,Imz). Finally, we add that Si and ej are if/, thus Ckj lie in 
Lg, = if +2- This proves that the metric hs is if +2- '-' 

Corollary 4.7. There is an open neighborhood £ D C Vq and an Lf_|_2 hermitian 
metric h^ on Eo such that h^ is analytic in z £ D and extends h\oaxY ■ 
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Proof. By the pervious Lemma, for any y (z Y , we can find an open neighborhood 
D X S C Vq xY oi {0,y) ^ Vq xY and a hermitian metric hs on Ed^s that extends 
^IooxSj 9'iid is analytic in 2: G I?. Because Y is compact, we can cover Y by finitely 
many such opens Sa, a = 1, • ■ • ,1, paired with € Da C Vq. Let Dq = CiDa- Then 
e Dq C Vq is open and hs^ are defined over Dq x Sa- 

We then pick a smooth partition of unity X]a=i Xa " 1 '^ith Xa ■ Y ^ [0, 1] such 
that the closure {xa > 0) lies in Sa- Then Jid = Y^a=i Xa • is an hermitian 
metric on Eu^ that is analytic in 2 £ Dq, and extends h\o^xY- D 

Lemma 4.8. Let the hermitian metric ho on Eo he given by Corollary \4.7\ and 
let = 9q + ao(z)^, z G D, be the formal adjoint of dz using the hermitian metric 
hz'-= holzxY- Then we can find a complexification D^ D D such that the function 
ao(z)t extends to a holomorphic ao{')c ■ ~^ n^{adE <^c Ty^Jg- 

Proof. Using the explicit dependence of 9^ := {do + ao{z))* on the metric hz, we see 
immediately that 00(2)^ := 9* — G Q,'^{adE ®c Ty^)s is analytic in (Rez,Imz). 
Following the proof of Lemma 14. 5[ there is a complexification D'^ D D such that 
ao(z)'l' extends to ao(t«)c, defined over Z?"' and holomorphic in w e D^. Here we 
have used that hjj is L^g^2 to ensure that ao{'w)\^ are Lf . □ 

In the remainder of this section, we fix a complexification D £> so that both 
00(2) and ao{z)^ extend holomorphically to ao(iu)c and ao(w)c on D'^. We define 

(4.8) = , ^ ^Q) ,CD^. 

^ ' U V do + ao{w)c 'red 

For w £ -D*^, we define (9^„ ~ do + ao{w)l^. 
Corollary 4.9. We have (C)^log = 0- 

Proof. Via the holomorphic map rj : D"" — Vq, w = (ui, ■ • • , u„, wi ■ • ■ , w„) i— > z = 
(ui+wi, • ■ ■ , u„+iw„), we see that the puUback ao{ri{w)) is a holomorphic extension 
of ao{z). Thus by the uniqueness of holomorphic extension, we have ao(w)c ~ 
ao{ri{w)). Thus Oq = 77^^ (Oq)- In particular, every irreducible component A C Oq 
has its complexification Ac = ?7(^), and vice versa (cf. [Ml Proposition 5.3]). 

Since (d^)^ is holomorphic and vanishes along Oo, by studying its vanishing near 
a general point of any irreducible component ^ of Oq, and noticing that Oq is with 
the reduced analytic subspace structure, we conclude that (9u;)^log ~ ^- ^ 

Wc now complexify Qoi^) using the span of generalized eigenvectors of the 
"Laplacian" of dw We define 

□ ^ = a,X + dldu, : n°-\adE)s n"^^adE)s-2, w G D^ . 

This is a family of second order elliptic operators, holomorphic in w € D'^, whose 
symbols arc identical to that of Ox„ ■ 

Lemma 4.10. Let the notation be as before. Suppose eo > separates eigenvalues 
of dz and eo < e{z) for all z d Oq. Then we can choose D"^ Z) D such that 
©OoC^o) C Oo X ^^'^{adE)s extends to a holomorphic suhbundle 8oc(eo) C Oq x 
9P'^{adE),. 
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Proof. We extend 8_D(eo) to using the generalized eigenforms of Ow Since Dw 
is holomorphic in w, and since 1 + D^, z G D, are invertible, by [121 page 365] after 
shrinking D D ii necessary, the family 

(1 + D^)-^ : n^'^iadE), — > n^'^adE)^, w £ , 

is a holomorphic family of bounded operators. 

We now extend Od{^q)- First, note that A is a spectrum of if and only if 
(1 + A)~^ is a spectrum of (1 + D^)"^, and they have identical associated spaces 
of generalized eigenforms. Since Dz, z € D, has discrete spectrum (eigenvalues) 
and e is not its eigenvalue, for any x ^ D, we can pick a small open neighborhood 
Dx C D X E D and a sufficiently small S, eq ^ S > 0, so that no eigenvalues of 
(1 + Dz)"^ for z G Dx lie in ||A| - (1 + eo)"^| < S. Then by the continuity of the 
spectrum, we can find an open C D^, CiD = D^, such that no (1 + O^)^^, 
w e Dx, contains spectrum in the region ||A| — (l + eo)^^| < S/2. Applying [T21 
Theorem VII-1.7], over D'^ we have decompositions D,^'^{adE)s = i?i,iu © E2.W 
such that Ei^w and E2^w are holomorphic in ly, invariant under (1 + Dn,)"^, and 
Ti^w (1 + Ow)^^\Ei^^ ■ Ei,m — > Ei,iu has its spectrum in |A| < (1 + £0)^^ for i = 1 
and in |A| > (1 + eo)~^ for i = 2. 

For us, the key property is that Ei,^ ~ O^(eo) when w G Dx- For w G Z?^, 
we define 6^(eo) = -Ei,^. Then e£,c(eo) := U^goc 0i«(eo) extends 6£i(eo) holo- 
morphically to D^- By covering D by open subsets like Dx, and using that the 
holomorphic extensions of 0£)(eo) are unique, when they exist, we conclude that 
for a complexification D"" D D, 

Qocieo):^ Y[ C X n"'\adE), 

extcnds Qd[^q) and is a holomorphic bundle over . □ 
Corollary 4.11. 6(7^ (eg) is an analytic subbundle ofTjj^B. 

Proof. Applying the surjective homomorphism (|4.2p . and using the complexification 
constructed, the conclusion follows. □ 

4.4. The existence of orientation bundles. We prove Proposition 13.41 We 
begin with a rephrasing of the non-degeneracy condition under cs2^x- We define a 
pairing 

(4.9) (•, ■)x : n'>-\ad£x)s x n'>-^{ad£x)s-i ^ C, x e X, 

via (ai, a2)x = / tr(ai A 02) A il. It relates to the quadratic form cs2,x via 

(4.10) cs2,.(a,b) = (a,9,b)„ a,b e TxB ^ ker(dl)° \ 

Given a subspace W C TxB ^ ker(92)°'^ that contains T^X ^ □^^(0)°'\ we define 
its companion spaces by 

(4.11) W = a-^Of'^ ®dx{W) and W" := D-^Of'^ ® DxiW). 

Recall that Qx is the descent of cs2,x to TxB/TxX. 

Lemma 4.12. Let W C TxB be a subspace containing TxX, and let W' be its 
companion space. Then Qxlw/T^^X is non-degenerate if and only if the restricted 
pairing (•, ■)x '■ W x W' C is a perfect pairing. 
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Proof. Since 1" is a Calabi-Yau threefold, by Serre duality, the pairing (•, ■)x re- 
stricted to □~^(0)°'i xn;^i(0)°'2 is perfect. Let ei, - ■ ■ ,ei eW he so that ^^^ei, ■ • • , 
dxCi form a basis of dx{W). By Hodge theory, ei, ■ • • ,ei and □"-'^(0)°'^ span W. 
By ([4T0| . and that □ji(0)°'i is orthogonal to Im(dx) under (•,-)^, Q^^ IS non- 
degenerate on W/TxX = W/D^^{0)'^-^ if and only if {ei,dxej)x form an invertible 
I X I matrix, which is equivalent to that (•, ■)x on x W is perfect. This proves 
the lemma. □ 



Lemma 4.13. Let x G X and r > dx ~ dimT^^X be an integer. Then we can find 
an open neighborhood U d X of x such that there exists a rank r orientation bundle 
over U. 

Proof. We first recall an easy fact. Let g be a non-degenerate quadratic form on 
C". Let < ^ < ?i be an integer, and let Gr(^,C") be the Grassmannian of / 
dimensional subspaces of C". We introduce 

(4.12) Gr{l,C")° = {[S] e Gr{l,C") \ q\s is non-degenerate}. 

Since q is non-degenerate, it is direct to check that Gr{l,C")° is the complement 
of a divisor in Gr{l, C"), and thus is connected and smooth. 

We now prove the lemma. We first treat the case r = dx- Since Dx has non- 
negative discrete eigenvalues, there is an e > so that it has no eigenvalues in 
(0, 2e). By Corollary 14.111 over an open neighborhood U C X oi x, Qu{^) is an 
analytic subbundle of TuB. To show that it is an orientation bundle, we only need 
to verify that for any y E U, Qy restricting to 0y(e)/n~^(O)°'^ is non-degenerate. 
By Lemma [4. 121 this is equivalent to that 

(•,•), :e,(e)xe,(e)'—>C 

is perfect. Because it is perfect ai y = x, and because being perfect is an open 
condition, possibly after shrinking .t G C/ if necessary, it is perfect for every y £ U . 
This proves the case r = dx. 

In case I = r — dx > 0, applying the discussion at the beginning of this proof, 
we find an Z-dimcnsional subspace W C TxB/TxX so that Qx\w is non-degenerate. 
We let Ex be the preimage of W under the quotient map TxB — > TxB/TxX.. To 
complete the proof, we extend Ex to a neighborhood of x £ X and show that it is 
an orientation bundle. 

We pick an open neighborhood U C X of x € X such that the isomorphism C, in 
(|4.1|) has been chosen; we pick a basis of W, say ui, • • • ,ui € ker(9^)°^^/n^^ (0)"^^ = 
lm{dx)'^'^ . We then extend Uk to be the constant section of J7 x il'^-^{adE)s and let 
Uk be its image sections in TjjB. It is a holomorphic extension of Uk- By shrinking 
X € U if necessary, Qu{^) and the sections ui, • • • ,ui span a subbundle S of TjjB. 
Because 0(7 (e) is an analytic subbundle of U x V,^'^{adE)s, and because Sk are 
holomorphic, we see that S is an analytic subbundle of TijB and contains Qij{e). 

It remains to check that for any y G U, Qy restricted to Ey/TyX is non- 
degenerate. By the previous lemma, this is equivalent to the fact that the pairing 
{■ , ■)y : Ey X Ey —i- C is perfect, where Ey is the companion space of Ey (cf. ()4.11|) ). 
Because this pairing is perfect when y = x, hy shrinking x G U if necessary, we can 
make it perfect for all y G U. Therefore, E is an orientation bundle over U. □ 
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Lemma 4.14. Suppose Sq and S/j are two rank r orientation bundles over an open 
U . Then for any x Cz U , there is an open neighborhood Uq C U of x such that there 
is a homotopy from '^a\uo S^|(7q. 

Proof. We begin with an easy fact. For any finite dimensional subspace Wq C W:= 
TxB/TxX, there is a finite dimensional subspace W C W, containing Wq, such that 
Qx\w is non-degenerate. Indeed, let C Wq be the nuU-subspace ofQx\wo- Since 
Qx is non-degenerate, we can find a subspace M C W such that Wq fl M = and 
Qx ■■ N X M ^ C is perfect. Then the space W = Wq ® M C W is the desired 
subspace. 

We now construct the desired homotopy. Wc first find a finite dimensional 
subspace W C W so that it contains both Edx/T^X and Eislx/T^X, and Qx is 
non-degenerate on W. Let I = r — dx- Wc form the Grassmannian Gr{l,W) 
and its Zariski open subset Gr{l,W)° as in ()4.12|) (with Qx in place of q). Then 
both ^a\x/TxX] and \E.p\x/TxX] are in Gr{l, W)° . Because Gr(/, W)° is a smooth 
connected quasi-projective variety, we can find an analytic arc [St] € Gr{l,W)° , 
t e [0,1], such that So = 'E.a\x/TxX and = 'E.f}\x/TxX. We let St^^, be the 
preimage of St under the quotient homomorphism 

Tlx ■■ TxB ^ TxB/TxX. 

Then [St] form an analytic family of subspaces in TxB, interpolating between 'Ea\x 
and Ep[x. 

We extend this to an analytic family of orientation bundles in a neighborhood of 
X £ U. As before, we realize an open neighborhood Uq C U x £ U a.s Uq ~ Xf^, 
X = € Vb, for the JS chart (Vq, /o). Then we have the isomorphism of holomorphic 
Banach bundles Tu^B = Uq x ker(i9^)°'^. By choosing Uo sufficiently small, we can 
find an e > so that e^/Je) C Ec,[uo, ^Uoi^) C ^p[uo, and 9^,(6) = □"1(0)°'^ 

Next, for i — a and /?, wc find I analytic sections s\, ■ ■ • of Tu^B such that 
Quoi.^) and s\,---s\ span S^lfy^. Because s'^{x) and s^{x) all lie in tt~^{W), we 
can find arcs £,k{t) G ■k~^{W), analytic in ^ g [0,1], such that 5fc(0) = s'^{x) and 
Cfc(l) = sl{x), and 

St,x = e,(e) © C-span(a(t), ■ • • 6(0) ■ 

Using the isomorphism Tjj^B ^ Uq x ker(i9^)°'^, we can view ^fc(i) as analytic arcs 
in ker(a2)°'^ C n^'^{adE),. We then define 

4{y) = (kit) + (1 - t)isUy) ~ slix)) + t[sl[y) - sl[x)). 

Clearly, they are analytic in t, and s\(y) = s'^iv) and sj^{y) = s^{y) for all y S 
Uo- Therefore, by shrinking a; G C/o if necessary, for every t S [0, 1], the sections 
s\{y), - ■ ■ s\{y) and Qua{() span a rank r analytic subbundle 'E.^'^ C UqX Q^'^{adE)s- 
Because the arcs ^fc(i) are analytic in t, the family S^"^^ is analytic in t. Finally, 
because [St] all lie in Gr{l,W)° , by shrinking x G Uq ii necessary, 

St := image of E^"" under Uq x Q°'\adE), TuoB 

form an analytic family of orientation bundles providing the desired homotopy 
between Sq|(7q and Ep[uo- □ 

Proof of Proposition \3.4\ We first pick a locally finite cover Ua so that each Ua has 
an orientation bundle Sq,. For each x G X, we pick an open neighborhood Ux of 
X & X so that (1) Ux C Ua whenever x & Ua, and that (2) for every pair a, (3 with 
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X e Uap ~ Ua nUp, we have a homotopy from 'E.a\u^ to S^jy^. Then we can pick 
a locally finite refinement of the covering as follows: For each x £ X, we fix any 
a{x) such that C Ua(^xy Since X is quasi-projective, we have a metric d{-,-) 
on X induced from projective space. By shrinking Ux if necessary, we may assume 
Ux is the ball B{x,2£x) of radius 2ex > centered at x. Let Ox = B{x,ex) and 
Sj; = ■ Then {Ox} is an open cover of X and ^x is an orientation bundle on 

Ox- Suppose that Ox nOj, 7^ 0. Without loss of generality, we may assume £3; < e^. 
Then Ox C B{y,2ey) = Uy C Ua{y)- Also we have x £ Ox C Ux C Ua{x)- Hence 
Ox C Ua(^x} n Ua{y) and thus we have a homotopy from Sa;|o^nOy to Ry\o^nOy 
desired. □ 

5. CS DATA FROM PREORIENTATION DATA 

In this section we prove Proposition l3.12l We construct CS charts from orienta- 
tion bundles, their local trivializations, and complexifications. 

5.1. Constructing families of CS charts. Let S be an orientated bundle on U. 
We generalize Joyce-Song's construction in [10] to form a 5-aligned family of CS 
charts. 

Given S, for any x £ U, we view ^x C ker(9^)g'^ and denote its companion space 
S" C ^l'^'^{ad£x) be as defined in (|4.1ip with W replaced by Ex- Using condition 
(1) of Definition 13. 1[ one sees that S" := IJj.g(y S" is an analytic subbundle of 

n°^^{ad£)s-2\u- 

We define the quotient homomorphism of Banach bundles 

(5.1) P : n°/{ad£)s-2\u ^ n°/{ad£)s-2\u /^" , 

whose restriction to x £ U is denoted by Px : ^l'^'^{ad£x)s-2 ^'^'^ {a,d£x) s-2 /"^x- 
For X £ U , we form the elliptic operator 

(5.2) Lx:n'''\ad£x)s^n°'\ad£x)s^2/K. L,(o) = (D^a + K(a A a)) . 
For a continuous e(-) : U — !> (0,1) to be specified shortly, we define 

(5.3) Vx = {ae n"-\ad£x)s \ L,(a) = 0, |ja|U< e(x)}. 

(Here || ■ ||s is defined using hx-) Letting H^; : n'^'^{ad£x)s ~^ B he the composite 
of the tautological isomorphism dx + ■ ■ ft'^'^{ad£x)s — Ax (cf. p. II) ) with the 
tautological projection Ax — > B, we define 

(5.4) Vx=Ii-x{Vx)- 

We comment that Vx only depends on {B.x, hx,£ix)). 

Let fx-Vx^C (or fx - Vx C) be the composite oi Vx B and cs : B ^ C. 

Proposition 5.1. Let U C X be open and S a rank r orientation bundle on 
U . Then there is a continuous s{-) : ?7 — > (0, 1) such that the family Vx, x (E 
U , constructed via (|5.3I) using e(-) is a smooth family of complex manifolds of 
dimension r, and such that all {Vx,fx) o-fe CS charts of X. 

Proof. We relate Vx to the JS charts by first showing that 'Lxi.o) = if and only if 

(5.5) 9*0 = and Px od*xF^'^^^ = Q. 

Indeed, it is immediate that (|5.5p implies Tixia) = 0. For the other direction, 
suppose La; (a) — 0. Since S" C ]iCT{dx)^s-2^ applying ^x to 'Lx{o) = 0, we obtain 
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dxd'.a — 0, which forces d*a = 0. Having this, we obtain o d*,F^'^ = 0. This 

proves the equivalence. 

By direct calculation, the linearization of L^; at a = is 

which is surjective with kernel S^;. Since the operators L^. depend smoothly on 
X G U, applying the implicit function theorem, for a continuous e{-) : Uq — >■ (0, 1) 
(taking sufficiently small values), the solution spaces Vx, x G U, form a family of 
manifolds of real dimensions 2r. Since the operators L.^ are holomorphic in a, each 
solution space Vx is a. complex submanifold of QP'^{ad£x)s and their images in B 
lie in Bsi- Finally, because the family Ox is smooth in x G U, the family Vx is a 
smooth family of complex manifolds. Using local isomorphism C in (j4.ip . we see 
that the family Vx, x £ U , form a smooth family of complex submanifolds of Bsi- 
This proves the first part of the Proposition. 

For the second part, we first show that by choosing £{x) small enough, V^, n X 
contains an open complex analytic subspace of X containing x. At individual x £ U , 
this follows from that each Vx contains (an open neighborhood of x in) the JS chart 
{V^^ , fl'^). However, to prove that we can choose £{x) continuously in x, we argue 
directly. 

As {£x,dx) are simple, the tautological H^; : ker(9^)°'^ — >• i3 is biholomorphic 
near llx{0) = x. We let 

^x : n'''^iad£x)s ^ n'>'^{ad£x)s-i, ^xia) - 

be the curvature section. Then kcT{d^)'^'^ n {^x = 0) contains an open complex 
analytic subspace of X containing x (cf. [13 Chapter 9], [13]). Because ker(9^.)°'^ n 
idx = 0) is contained in (L^; = 0), H X contains an open neighborhood of a; S X. 

We now prove that for e{x) small, X/^. ~ II~^{Vx n X). We follow the proof of 
[lOl Prop. 9.12]. Let x e U. We define a subbundle 

Rx ■■= {(dx + a,b)\PxO dlb = dlidxb - b A a - a A b) = 0} C K x n°''^{ad£x)s- 

Applying the implicit function theorem, because the two equations in the bracket 
are holomorphic in o, for e{x) small enough, Rx is a holomorphic subbundle of 
Vx X il'^'^(ad£x)s over Vx- Then the Bianchi identity coupled with the equivalence 
relations ()5.5|) ensures that the restriction of the curvature section to Vx, namely 
5'x|vx I is a section of Rx- Since X locally near dx is defined by the vanishing of ^x, 
we conclude 

(5.6) n-\Vxnx)^Vxn{dx\v^=o). 

It remains to show that (5'2;|\4. = 0) = {dfx = 0). We define a bundle map 
(Px-.Rx-^ T^'Vx, (dx + a, b) ^ (dx + a, at,), 
where G is ati(-) = J tr(- A b) A il. Clearly, ipx is holomorphic 

and (fx ° dx\v:^ = dfx- We show that by choosing e{x) small, we can make ipx an 
isomorphism of vector bundles over Vx ■ We first claim that restricting to x we have 

(5.7) Rx\x = {b e n°'\ad£x)s-i \ P. o9> = S^a.b = 0} = 9,(S,) ® □-1(0)°'^. 

Indeed the first identity follows from the definition of Rx- We prove the second 
identity. For any b e Rx\x, since d^dxb = 0, we have dxb ~ 0. Thus we can write 
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b = bo + dxC with Oxbo = 0. Then o d^b ~ implies that we may take c S E.^- 
This proves (|5.7p . 

Applying Lemma [4.12[ we know that the pairing (•, ■)x (cf. (j4.9|) ') restricted to 
TajKc X Rx\x is perfect and thus ipx\x is an isomorphism. Therefore, by choosing 
e{x) sufficiently small, ip^ is an isomorphism over Vx and thus (Vx, fx) is a CS chart 
of X. Note that the choice of s{x) is to make sure that ipx are isomorphisms over 
Vx- Since this relies on the openness argument, we can choose e{-) : U ^ {0, 1) 
continuously to ensure this. This proves the proposition. □ 

The family of CS charts arc canonical. 

Lemma 5.2. Let and Sb be two orientation bundles over U . Suppose C Sf, 
is a vector subbundle. Let e(-) :[/—>■ (0, 1) be the size function that produces a 
family of CS charts V(Sb) C U x B using St,. Then the same e(-) produces a family 
of CS charts V{Ea) CU xB, and V(S<,) C V(Sb) cU xB. 

Proof. This follows from the construction because the only data needed to construct 
Vx are S^, and £{x). □ 

5.2. Local trivializations. In this subsection, we prove 

Proposition 5.3. The family V C U x B constructed in Provosition \5.1\ is locally 
trivial everywhere. 

The study is local. For any xq G t/, we pick an open neighborhood Uq C U of 
xq € U so that Uq ~ Xfg for the JS chart (Vq, /q), coupled with the isomorphism ( 
in (|4.ip . Using the induced £x = E for x G Uq, the CS charts Vx become complex 
submanifolds of il'^'^{adE)s. We define 



By shrinking xq G Uq if necessary, we assume that Uq lies in Xf^ G X for all a; S Uq. 

To keep the notation transparent, for x,y G Uq, we denote hy yx & Xf^ G Vx 
the point whose image in X is y, i.e. the point in Xf^ associated to y G Uq. We 
denote by dx + dxiVx) the connection form of yx & Vx- Because Uq C Xf^, for any 
x,y,z £ Uq, as {E, dx + ax{zx)) — {E, dy + ay{zy)), there is a unique g £ G so that 

(5.9) dy + ay{zy) = g(dx + ax{zx)) ^ dx - dxg ■ g^^ + gax{zx)g^^. 

As before, for open U gUq x Vuo a-nd x,y £ Uq, we denote Ux,y :=UC\{x x Vy), 
viewed as a subset of Vy. We denote A([/o) = {{x, Xx) \ x G Uq} c Uq x Vuo- 

Lemma 5.4. We can find an open U G Uq x Vu„ containing A.{Uq) G Uq x Vjjq 
and a smooth g :IA ^ Q such that the following hold: 

(1) for any x,y £ Uq, gx,y-^ 9\u^,y ■ ^x,y ^ Q is holomorphic and gx,x{-) = 1; 

(2) for x,y e Uq, {x,z) £Ux,y, and letting a{x,y, z) = gx,y{z){dy + ay{z)) - dx, 
we have i9^a(a;, y, z) ~ 0, and a{x, x, Xx) = 0, 

Proof. For a £ Q, and for x,y G Uq and z £ Vy, we form 



(5.8) 



xxVxGUqX ^}°^\adE)s. 



xeUo 



{a):^a{dy + ay{z))-d: 



and define 



^x,y,z{-) — dxCx,y,z{') '■ Gs+1 



iadE),_i/C. 



Note that Rx,x,z{l) = 0. 
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We calculate the linearization of the operator Rx.y.zi') {x,x,Xx) and a = 1: 

<5Rx,x,xJa=i = -Kd. ■■ n°{adE)s+i/C n'^{adE)s-i/C. 

Because (E,dx) are simple, S'Rx,x.xj:\a=i are isomorphisms. Thus by the implicit 
function theorem, for an open U C Uq x Vug containing the diagonal A([/o) C 
Uo X Vuo , we can find a unique smooth 

such that 'Rx,y,zigx,yiz)) = 0, and gx.xiz) = 1- Because the equation Jlx^y^zicy) is 
holomorphic in z and a, gx.y{z) is holomorphic in z G Ux,y C Vy. Thus both (1) 
and (2) of the lemma are satisfied. □ 

We remark that by the uniqueness of the solution gx^y{z), by an extension of 
(|5.9|) (to the non-reduced case), we have a{x,y, ■)\u^,ynXf^ = ay{-)\u^,ynXfy- 

Proof of Proposition \5.3[ We take the family gx^y{z) defined ox\ U C Ua x Vug 
constructed in the previous Lemma. To find a local trivialization VE* : W — ;> Vug x Uq, 
we solve b{x,y^z) satisfying the system 

(5.10) Lx{a{x,y,z) + b{x,y,z)) ^0, (b(a;, y, z), j/)^ = 0, V;^ £ S^, 

where is defined in (|5.2p . By the remark at the end of the previous proof, we see 
that restricting to Ux,y HX/ , b{x,y,-) = are solutions. Also, since a{x,x,z) = 
ax{z) and hxiaxiz)) ~ 0, b{x,x, z) = are solutions. 

We denote (E'J^ = {b \ (b, v)x = 0, V;^ £ E'J C n°^\adE)s. We define 

M,,,,,(-) = Lx{a{x, y, z) + ■) : (S^)^ n"'\adE),^2/K- 
By our construction, the linearization SMx.x.x^ at is 

SMx,x,xJo ^PxoDx-. (E'J^ n'''\adE)s-2Mx, 

which is an isomorphism. Thus applying the implicit function theorem, for an open 
W CU containing the diagonal A{Uo), we can solve the system IsAx^y^zibix, y, z)) = 
uniquely and smoothly in (x, y, z). Further, since gx.y{z) is holomorphic in z, and 
the operator 'M.x^y^z is a linear operator holomorphic in z, b{x, y, z) is holomorphic 
in z. 

We set * : Z^' ^ [/o X Vug to be 

'^x,y{dy + ay{z)) = gx,y{z){dy + ay{z)) + b{x,y,z) -dx- 

Because 'M.x^y^.(0)\u:r ynXf = Oi we conclude that 'i'x.y is an open embedding of 
U'x yDXf^ into Xf^ C Vx- Therefore, ^E* is the desired local trivialization. □ 

The local trivializations are canonical. 

Lemma 5.5. Let C 5f, be two orientation bundles over U, as in Lemma \5.2l 

Suppose Uq C U is an open subset and : Ui ^ V{'E.i)ug x Uq, i = a, 6, be 
local trivializations constructed. Let V{'E.a)ug C V(Sf,)[/f, be the inclusion given by 
Lemma 15.^1 Then 

*ab„nZ^, = *bb„n% -ManUb > V{Ea)uo X [/q C V(S,,)c/„ X Uq- 

Proof. This follows from that (S'j, ^)''" C (SJ^ ^)-'-, and thus ^'o is also the solution to 
the equations for "^f, when restricted to Va C Vb. By the uniqueness of the solution, 
we have the identity. □ 
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Corollary 5.6. Let S (resp. "E^t) be an orientation bundle (resp. a homotopy of 
orientation bundles) on U. Then S (resp. Et) can be complexified locally every- 
where. 

Proof. The proof is straightforward, knowing that both 5 and St are analytic. □ 

5.3. Complexifications. We construct complexifications of a family of CS charts. 

Proposition 5.7. The family of CS charts constructed in Proposition \ 5.1\ and 
the local trivialization constructed in Proposition \5.3\ can be complexified locally 
everywhere. 

Proof. Given an orientation S on an open U C X, for any xq € U, we pick an open 
neighborhood Uq C U of xq e U so that Uq = Xj^ for the JS chart (Vb, /o), where 

= € Vq. By Lemma we pick an open S I? C Vq so that dz and entend 
to holomorphic dw ~ + Oo(w)c and — + ao(iu)c over a complexification 
D'^ of D. By Corollary 15.61 we extend Qd{^) and E\d to holomorphic subbundles 
0£)c(e) and S^jc of TqcB. (Here we follow the convention that for any Z ^ B, we 
denote TzB = TBxtsZ.) 

We form the projection P^u as in (|5.ip . with £ (resp. S") replaced by E (resp. 
SJJ,). We form using ()5.3p . with E^. replaced by E and subscript ".t" replaced 
by the subscript "u;". Since the proof that the resulting family V C t/ x B is a 
smooth family of complex manifolds only uses the isomorphism property of the 
linearization of Lj; and the implicit function theorem, the same study extends to 
small perturbations of L^, . Thus possibly after shrinking D I? if necessary, the 
family 

Vdc= W wxV^cD^ X n°'\adE)s 

is a smooth family of complex manifolds. Because all d^, d.^ and S^c are holomor- 
phic in It; G I?"', the system L^u is holomorphic in w. Therefore, Vqc is a complex 
manifold and is a complex submanifold of x il.'^'^{adE)s. 

Next we study the issue of being CS charts. Let n^, : ^ B he defined by 
dw + ■, and define fw = n^, o cs : T4j — > C. We show that (T4), fw) are CS charts 
for w e Oq, where Oq (cf. (|4.8p ) is the complexification of Oq ~ D (1 X . 

Going through the proof of Proposition 15. 1[ we first need to check that for 
w £ Oq, a €Vu, satisfies the system (cf. (|5.5p ) 

(5.11) 9^0 = and Pt„ o 9,^(9,„a + a A o) = 0. 

First because Sqc is the complexification of , and S^; C ker(9^)g'^ for x S Oq, 
we have that S^, C ker((?^)°'^ for w € Oq. On the other hand, a G 14, means 
that 9u,9^a + 9^(9iuO + a A a) = mod S^. Thus applying d*^, to this relation, 
we obtain d^,dwd^a = 0. Finally, since d^dx ■ ^^{adE)s/C — > Vl^ [adE) s-2 1 are 
isomorphisms for x G I?, by shrinking D 13 if necessary, d^dw are isomorphisms 
for w G Oq, thus (9^ a = 0. This proves that for all w G Oq, all o G T4, satisfy 

After this, mimicking the proof of Proposition 15. 11 we see that {Vw, fw) is a CS 
chart if for the similarly defined subbundle Rw G Vw x Vf''^{adE)s, the similarly 
defined vector bundle homomorphism Lp^ : Rw T'^Vw is an isomorphism. But 
this follows from that fx are isomorphism for x £ Oq, and that being isomorphism is 
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an open condition. Thus by shrinking D D 13 if necessary, all ipu, are isomorphisms 
for w e Oq . This proves that the Vqc is a complexification of Voa ■ 

The proof that the local trivialization can be complexified is similar, using 
that all the operators and families used to construct \I> are holomorphic on D^, and 
that the only tool used to construct "i! is the implicit function theorem. We skip 
the repetition here. □ 

5.4. Homotopy of family of CS charts. Let U C X he open and let St, t £ [0, 1], 

be a homotopy between the orientation bundles Sq and Si on U . For any xq G U, 
we pick an open neighborhood xq £ Uq C U such that Uq ~ Xfg for the JS chart 
(Vo,/o), that Uq has compact closure in U, and that there is an e > such that 
0j/o(e) is an orientation bundle contained in St for all t G [0, 1]. 

Because of the compactness of the closure of Uq in U, we can find a sufficiently 
small e > (in place of e(-) : Uq — )■ (0, 1)) such that for each t G [0, 1], we have the 
family of CS charts Vt C Uq x B by applying Proposition 15.11 using 'E.t\ua the 
size function e(-) ~ e. We denote V^o.i] lJte[o i] ^t, and call it the homotopy of 
the families Vo and Vi. 

Applying Proposition l5.1l to the orientation bundle using the same e(-) = 

e, we obtain the family of CS charts W C Uq ^ B. 

Proposition 5.8. We have tautological inclusion [0, 1] x W C Vuo o-s subspace of 
[0, 1] X Uq X B. Further, this pair can be complexified locally everywhere. 

Proof. The proof is similar to the complexification of the family of CS charts and 
their local trivializations studied in the previous subsection. We omit the repeti- 
tions. □ 

6. Perverse sheaves from CS data 

In this section we prove Proposition 13 . 1 3l 

6.1. A perverse sheaf from a family of CS charts. In this subsection we 
prove (1) of Proposition [3T3l Let V C U x S be a family of CS charts over U and 
UxVDU^VxUhca, local trivialization. Let 

(6.1) f -.V^U X B^B^C 

and let Try be the projection from J7 x V or V x ?7 to V. We need a technical result 
that there is a homeomorphism interpolating (/ o Try) o 5" and ./ o Try, 

Proposition 6.1. There is an open subset U' C U containing the diagonal A.(U) C 
U and an injective local homeomorphism ^ : U' ^ U preserving the projections to 
U X U, such that 

(/ O TTy) = f OTTv -.W > C. 

Proof of Provosition [37T^ (1). For x G C/, we can choose a sufhciently small open 
neighborhood Ox oi x \n U such that Ox is contained in the critical set Xf^r\ 
W C Vz Ci W for any z & Ox- Let ip : Ox x Vx ^ V he the restriction of 5" to 
Ox X Vx C U X V (cf. (|6.2[) ). By shrinking Vx if necessary and restricting $ to 
Ox xVx 'Z Ox xV\o-, over Ox x {a;} ^ Ox^ we have a homeomorphism 

■ Ox X Vx — Ox X Vx V 

that pulls back f to fx o pr2 where pr2 denotes the projection onto the second 
factor and fx'-Vx'Z B-^C If we further restrict it to {z} x Vx and vary z in 
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Ox^ we obtain a continuous family of homconiorphisms \x,z ■ Vx == Vz, defined 
by \x,z = ^x\z, that pulls baek fz to fx and thus we have a continuous family of 
isomorphisms A* ^ : A* = A' by Proposition 12. 31 

We have to show that the perverse sheaves P' := A' [r] on Ox C Vx ghie to 
give us a perverse sheaf P' on U . Let y E U such that O^; n Oj, 0. For any 
z G Ox n Oy ; we have isomorphisms 

X ^ z ^ y 

over a neighborhood of z. For another z' in the connected component of Ox H Oy 
containing z, we choose a path zj for t G [0, 1] with zq = z, zi = z'. Then 
^y^zt ° ^x,zt ■ Vx ^ Vy is a. coutinuous family of homeomorphisms that pulls back 
fy to fx- By Proposition [2?3l we have the equality 

^l,z°{K.z) ^ = ^l.z' ° {K,z') ^'-Px^^Py- 

By Proposition 12. 8[ A* ^ o (A* 2)"^ glue to give us an isomorphism Txy : P* = P' 
over Ox n Oy. 

Now the cocycle condition for gluing {P'} is obviously satisfied because Tyx ° 
Ty,,oTxy at any z G OxHOynOy is A;,o(A;J-1oA:,,o(A;J-1oA;,,o(A:_J-i = 1. 
Therefore the perverse sheaves P' glue to give us a perverse sheaf P' on U. □ 

The proof of Proposition 16 . II requires techniques for complex analytic subspaces. 
For this, we use the complexification of the family of CS charts and its local triv- 
ializations. Let x € U. By assumption, we have an open neighborhood Ox of x 
in U, a complex manifold D'^ containg Ox as a closed real analytic subset and a 
holomorphic family V^jc — )■ Z?^ of CS charts such that V^jcjo^ = V X(jOx and that 
there is a holomorphic local trivialization 

By shrinking Ox and V around x if necessary, we may assume that Ujjc = Z?^ x Vx 
and Ox C Vz for all z E Ox- If we restrict to x {x}, we get a holomorphic 
map t/i^e fitting into the commutative diagram 

(6.2) X Vx ^ y Vdc 




which is a fiberwise open embedding. (We use ~ to mean injective holomorphic 
maps.) Let / : V^c C be similary defined as in dm]), and let fx-VxC B-^C. 
We let 

fo = (/ o 71'v) o (id_De xi/'a:) and fi = (/ o Try) o ^-"^ o (idj^c x?/>:e); 
both are holomorphic functions D"^ x D'^ x — > C. 

Proposition 6.2. After shrinking and Vx if necessary, there is an open subset 
U'^ C x X Vx containing the diagomal A = {{y,y,y) \ y G D^} and an 
injective local homeomorphism $^ : U'^ — > Z?^ x D'^ x Vx commuting with the 
projection pr 12 : D'^ x x Vx ^ D'^ x D'^ such that fi o (i)'^ = fg . 
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By cancelling the isomorphism idjjc xipx and restricting to the real part Ox C 
Z?^, Proposition 16. 1 1 is an immediate consequence of Proposition [521 

We now prove Proposition 16.21 Let 

it = (l - t)io + tfi 

be holomorphic functions on x x Vx- Let (dyft) be the ideal generated by 
the partial derivatives of ft in the direction of Vx- We will find a homeomorphism $ 
in a neighborhood of (x, x) such that fi o $ = fg by introducing a vertical vector 
field along the fibers of pri2 : D"^ x x Vx ^ x We need a few lemmas. 

Lemma 6.3. Let V be a smooth complex manifold and S a complex analytic sub- 
space. Suppose Wi C W2 are two closed complex analytic subspaces of V x S such 
that the induced projection Wi G V x S ^ S is flat, and that there is a closed 
complex analytic subspace Sq C S such that Wi Xs Sq = W2 Xs Sq. Then there is 
an open subset Uq C V x S that contains V x Sq such that W\ HUq = W2 H Uq as 
complex analytic subspaces in Uq ■ 

Proof. Let A be the kernel of the surjection ^ Owi ■ Since Owi is fiat over 
Os, we have an exact sequence 

^ ^ ®Os Oso Ow, ®Os Oso ^ Ow, ®Os Cso 0. 

Since W\Xs Sq — W2 Xs Sq, (j) is an isomorphism, thus A(^Os ^So ==0. As ^ is a 
coherent sheaf of 0\/xS-inodules, there is an open Uq C V x S, containing V x Sq, 
such that A\uo — 0. This proves that Wi DUq ~ W2 OUq, as complex analytic 
subspaces of Z//o- O 

Lemma 6.4. Let Zt be the complex analytic subspace of x x Vx defined by 
the ideal (dyit)- Then Zt is independent oft in an open neighborhood of{x,x,x) £ 
D^xD^ X Vx- 

Proof. Let Z = D'^ x D'^ ^ where X is the critical locus of fx : Vx C B C 
in Vx defined by the ideal (dfx)- We first show Zq = Zi = Z. Since the critical 
locus of ii\{z}x{z'}xv^ is X/^ by the definition of local trivialization for i — 0, 1, 
Z C Z, for i = 0, 1. By Lemma [Ol Z = Z; for i = 0, 1. 

Let F,G : X X X Vx C he functions defined by 

F{t,z,z',p) = (1 ~t){o{z,z',p) +t{i{z,z',p) and G{t,z,z\p) = fo(z,z',p). 

Since ft is a linear combination of fo and fi , we have the inclusion 

Xf {dvF = 0) D Xg. := {dyG = 0) = x Z 

of analytic subspaces. Also the restrictions of F and G to T = x {{z, z) \ z € D^} 
coincide and hence Xi?|r — Xdr- By Lemma 16.31 X^? = Xq = x Z in an open 
neighborhood of F. Restricting to i e [0, 1], wc obtain the lemma. □ 

We need another lemma. Let V and S be as before. We assume V C C is an 
open subset. We endow V the standard inner and hermitian product. 

Lemma 6.5. Let the notation be as stated. Let Z G V be a closed complex analytic 
subspace. Suppose f : V x S ^ <C is a holomorphic function with only one fiberwise 
critical value such that the vanishing locus (complex analytic subspace) of dyf 
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is Z X S. Then for any convergent pn ^ po ^ V x S such that dvf{pn) 7^ and 
dvfipn) — 5- 0, we have 

lim -^(P") ^ 

n^oo \\dvf{Pn)\\ 

Proof. Wc prove the case S = pt. The general case is exactly the same. Let 
1/ : V V he the resolution of the ideal sheaf of Z so that z^~^(Z) is a normal 
crossing divisor in V. Let p„ be the unique lifting of p„ in — zy~^(Z). Suppose rik 
is a subsequence so that Pn^ ^ 9 S v''^{Z). We investigate the limiting behavior 
of |/(P„J|/I|d/(P„J||. 

By our choice of resolution locally near q & V, the pullback v*{df) of the 
ideal {df) is a principal ideal sheaf generated by some monomial ip = z^^ ■ ■ ■ 
with fci > for holomorphic functions zi, ■ ■ ■ , Zr on V such that restricting to the 
fiber V they give a local coordinates of V centered at q. Let wi, • • • ,Wr be local 
coordinates of V centered at pq. Then ip divides v* for all i. 

We claim that v* f is divisible by zj"^^^ •••z,*^+^. Indeed if we expand near 
zi = 0, V* f — Cm^z"^^ + Cmi+i^"'^^^ + ' ' ' , whcrc Cj are holomorphic in Z2, ■ " ' ; -Zr, 
and Cm ^ 0. Then 1^9 divides 

^ df dw^ d I 
aiui ozi ozi 

Hence mi > fci + 1 and zj"^^^ divides z^*/. Likewise z'^''^^ divides 1^* f for each 
i. Therefore C i^*idf) y/v*{df) whcrc ^Jv*{df) is the radical of We 

write y*f = Y.9i- ^* Mr, '^ith gi\^-i{z) = 0. Therefore 

Because F — > F is proper, and because this convergence holds for all convergent 
subsequence , we find that lim„_j.oo =0. □ 



Proof of Proposition 1 6. 21 We use the inner product and the hermitian metric on Vx 
via embedding Vx = Vx C il'^'^{ad£x)s- We let Vyft be the relative gradient vector 
field of ft on x x Vx as the metric dual of dyft, the differential of ft in the Vx 
direction. Note that Vyff is a vertical vector field with respect to the projection 
pri2 : X xVx ^ x which is differentiable on each fiber. We define a 
time dependent vector field on the complement of Z = Zt = (dyft = 0) by 

fo-fi 



We claim that it extends to a well defined vector field on some neighborhood of 
{x,x,x) in D'^ X x Vx- It suffices to show that 

II ^ |fo-fil ^ Ifo^fil 

llVyftll Irfyfti 

approaches zero as a point approaches Z. Since Zt = Zq = Z\ by Lemma 16.41 we 
have an inclusion (dyft) D (rfyfj) of ideals for i = 0, 1. Hence we can express the 
vertical partial derivatives of fp and fi as linear combinations of the vertical partial 
derivatives of ft. Thus in a neighborhood of (xjXjX), we have 

Idyfol < C\dvit\ and ||dvfi|| < C||dyft|| 
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for some C > 0. By Lemma [6.51 we have 

|fo-fil . ^-1 ( |fo| . |fi| 



< c- 



0, as dyfo, dyfi — > 0. 



WdvitW - VIMvfoll IMyfill 
This proves that the vector field is well defined in a neighborhood of {x,x,x). 
Let Xf for t S [0, 1] be an integral curve of the vector field ^t, so that 

^=x,=6(x,). 

Since is a vertical vector field for pri^ , xt lies in a fiber of pri^ . Then ft (xt ) is 
constant in t because 

^-ft(xt) = d\/ft(xt) + fi - fo = Vyft • Xt + fi - fo 



fo-fi 



Vyft + fi - fo = 0. 



llVyftIP 

Therefore the flow of the vector field ^4 from t = to t = 1 gives a homeomorphism 
<I> of a neighborhood of {x, x, x) into D'^ x x such that fi o $ = fp. Because 
= for all t over the diagonal {{z,z)} C Z?^ x D'^, $ is the identity map over 
the diagonal. □ 



6.2. Gluing isomorphisms. In this subsection we prove (2) of Proposition [2331 
We have a family V of CS charts on [/ x [0, 1] with V|(7x{o} = Vc and V|(7x{i} = 
V/j. For x £ U, there exist an open neighborhood Ox of x in ?7 and a subfamily 
W X [0,1] of CS charts in V|o^x[o,i]- Moreover, wc have perverse sheaves P* 
and P* on U given by Va and Vp respectively, whose restrictions to Ox are the 
perverse sheaves of vanishing cycles A'^ [r] and A'^^ [r] respectively where /" : 

VaU C Z? ^ C and /i* : V^|, cB^C.^ 

Recall that P' was obtained by gluing A* a [r] by the isomorphisms 

A%[r]''^^ A}.[r]^'H Al4r] 
for x,y €U and z £ Ox Oy. 

Lemma 6.6. Suppose for each x G U we have an isomorphism x* : 
such that for z G Ox we have a commutative diagram of isomorphisms 



(6.4) 



Then the isomorphisms give an isomorphism 

Proof. If z G Ox n Oy, we have a commutative diagram 

^h' ^% '^h 



Jy 



& • 
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By Proposition l2.8l (2). we have an isomorphism ctq/j that restricts to %*. □ 

Lemma 6.7. Let W C V be a complex submanifold in a complex manifold. Let 
/ : y — > C fee a holomorphic function and g — f\w- Suppose the critical loci Xj 
and Xg are equal. Let x be a closed point of Xf = Xg. Then there is a coordinate 
system {zi, • • • , z^} ofV centered at x such that W is defined by the vanishing of 
zi , • • • , z,„ and 



f = q{zi,- ■ ■ ,Zm) + 9{zni+i,- ■ ■ ,Zr) whcrc q{z .) = ^ zf , and g = f\ 



w- 



Proof. We choose coordinates {yi, ■ ■ ■ , yr} of V centered at x such that W is defined 
by the vanishing of j/i, • ■ • ,ym- Let / be the ideal generated by yi, ■ • ■ Since 
Xf — Xg, i.e. {df) = (dg) + I, we have 

a/ 



= V aij — , I = !,■■■ ,m 

j=m+l 



for some functions Oy- regular at x. By calculus, we have 

= givm+i,- ■ ■ ,yr) + ^ 

j=m+l y^ \i=l / 
m 

= g{Zm+l, ■■■ ,Zr)+ ^ b^kViVk 
i,k=l 

where Zj = yj + X^IIli Qijl/i foi' j ™ + 1 and 6^^ are some functions holomorphic 
near x. Since the kernel of the Hessian of / at a; is the tangent space of X/ = 
Xg C at X, the quadratic form q = X)"fe=i i'lkViVk is nondegenerate near x. 
Hence we can diagonalize q = '^f by changing the coordinates yi, - ■ ■ ,ym to 

new coordinates z^, • • • , Zm- It follows that zi , • • • , Zr is the desired coordinate 
system. □ 

Let V* = V|c/x{t} so that V° = Va and = Vp. Let 5t : U ^ V* he the 
tautologial section which sends x £ U to x in the fiber V* C S of V* over x. Let 
ft : V* C C/ X S ^ C be the family CS functional. 

Lemma 6.8. For x E U, there exist an open neighborhood IAq of Sq{x) in V*^ and 
a homeomorphism x ofU^x [0, 1] into V such that 

(1) the restriction Xt (of x) to Uq x {t} is a holomorphic map to an open set 
m V*; 

(2) XtluoCiW niaps iYo H W into W C V* and is the identity map; 

(3) Xq '-^a ^ is the identity map; 

(4) ftoxt = fo. 

Proof. Since [0, 1] is compact, it suffices to find such a x over an interval [to, + A 
at each to G [0, 1] with < e ^ 1. For to S [0, 1], by choosing a complexification of 
the pair W x [0, 1] C V near (x, to), we can find coordinate functions yi, • ■ ■ , ?/r of 
the fibers of V — 5- C/ x [0, 1] at (x, to) such that yi, - ■ ■ ,ym are holomorphic along 
fibers of V — > t/ X [0, 1], and W x [0, 1] is defined by the vanishing of • • ■ ,ym 
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(cf. Proposition [53. Let t be the coordinate for [0, 1]. We can repeat the proof of 
Lemma 16.71 with 

and g = f|wx[o,i]- Lemma [Ol (dyf) = {dvs) + I where / = (yi,-- - ,ym) 
and (dyf) (resp. {dyg)) denotes the ideal generated by the partial derivatives 
in the fiber direction of V J7 x [0, 1] (resp. W x [0, 1] -> f7 x [0, 1]). Then 
we obtain a new coordinate system {zi} of V over U x [0, 1] at (x,io) such that 
f = S"=i + g(-2m+i, • • • ,2r) with Zj|wx[o,i] = Vj for j > m + 1. Then the 
coordinate change from {zjlto} to {^j|t} defines the desired map x- ^ 

Let /* : V* C B be the CS functional on the CS chart V*. 

Lemma 6.9. The isomorphism x* '■ A*i — > A* a induced from xi is independent of 
the choice of X- 

Proof. If x' is another such homeomorphism, then Xt~^ °Xt • ^ is a homotopy 
of homeomorphisms which is id at t = 0. By Proposition 12. 3[ {xi^ ° x'l)* • ^'0 
A*fo is the identity. This proves the lemma. □ 

Lemma 6.10. For each x G U, we have an isomorphism Xx '■ ^% such 
that ([Q]) holds. 

Proof. By Proposition 16.21 we have a homeomorphism - Ox x VqIoj, Va\o^ x 
Ox that gives the gluing isomorphism (X" ^)* over (x, z). By construction, the 
restriction of to {O^ x Vq|o^) XOxxOx to the diagonal C x Ox is the 
identity map. The composition of homeomorphisms 

(6.5) Ox X V„|o. Ox X V^lo. 

Valo, X Ox^ —Vl3\o^ X Ox 

is the identity over the diagonal Ox C Ox x Ox. Upon fixing a local trivialization 
Va\o^ — Ox xVax, wc havc Af = prn^A'fo,. By Lemma [2.101 for Ox xVx C 
Ox X Ox X Va; H> Va;, we obtain the commutativity of the diagram of isomorphisms 

(6.6) pr^^A^i pr^^A^ 

Pr2^Al < pr2^A'f^ 

Restricting to the fiber over {x, z), we obtain (|6.4p possibly after shrinking Ox- □ 

By Lemma [6. Gl and Lemma [6.10[ we have the desired isomorphism ctq^ : P* — > P* 
over Ua n Up and thus we proved (2) of Proposition 13. 131 
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6.3. Obstruction class. In this subsection we prove (3) of Proposition [3T3l and 
complete our proof of Theorem 13.141 

Let X S Uar\Uj3 r\U^. By our construction in t j6.21 in a neighborhood of x, 
a^a ° o'P'Y o o'ap is givcn by a biholomorphic map if : Va^x ^ ^a.x preserving /" 
whose restriction to W is the identity. By Proposition 12. 5[ a-ya o ap^ o a^p is 
det{d(p\x) ■ id and dct{d(p\x) — ±1. Thus we obtain a Z2-valued Cech 2-cocycle 
{cTap-y} of the covering {[/„}. One checks directly that the cocycle is closed and 
its cohomology class a £ Z2) is the obstruction class for gluing the perverse 

sheaves {P*}. 

Proposition 6.11. Given preorientation data {Sq,} on X, the perverse sheaves 
{P'} in ^6.1\ glue to give a globally defined perverse sheaf P* on X if and only if 
the obstruction class a G Z2) vanishes. 

The cocycle fTa/37 is by definition the cocycle for gluing the determinant line 
bundles det(TVa,x) by the isomorphisms induced from the biholomorphic maps 
Va,x = V/3,x- In particular, det(TVQ..x) glue to a globally defined line bundle on X 
if and only if tr G H^{X, Z2) is zero. 

Since a neighborhood Ox of cc in X is the critical locus of the CS functional on 
we have a symmetric obstruction theory 

Hence the determinant line bundle det J- is the inverse square of the determi- 
nant line bundle of the tangent bundle Tv„ ^ . On the other hand, by j28] , J- = 
Ext'(f,f)[2] on Ox where tt : X x y — > X is the projection and £ is the universal 
bundle. Hence the determinant bundle of Tv„ x is a square root of the determinant 
bundle of Ext'^ {£,£)[!]. Therefore if the obstruction class cr g Z2) is zero, 

then det Ext*(f,f) has a square root. 

Suppose detExt*(f,f) has a square root L. Then the local isomorphisms 
detTy^x = i|Ox induce gluing isomorphisms for {detTy^^}. Therefore the ob- 
struction class a to gluing them is zero. This implies the gluing of {P*} by Propo- 
sition 16.111 This completes the proof of Theorem 13.141 

We add that if a square root L of det Ext' , £) exists, then any two such square 
roots differ by tensoring a 2-torsion line bundle (i.e. a Z2-local system) on X, and 
vice versa. 

Remark 6.12. In |16j . Kontsevich and Soibelman defined orientation data as 
choices of square roots 0/ det Ext* (f , f ) satisfying a compatibility condition. See 
Definition 15 in |16] . For the existence of a perverse sheaf which is the goal of this 
paper, it suffices to have a square root. However for wall crossings in the derived 
category, the compatibility condition seems necessary. See %5 of [16] for further 
discussions. 

1. Gopakumar-Vafa invariants 

In this section, we provide a mathematical theory of the Gopakumar-Vafa in- 
variant as an application of Theorem 13.161 

7.1. Intersection cohomology sheaf. As before, let F be a smooth projective 
Calabi-Yau 3-fold over C. From string theory, it is expected that 
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(1) there are integers nh{(3), called the Gopakumar-Vafa invariants (GV for 
short) which contain all the information about the Gromov-Witten invari- 
ants Ng{P) of Y so that we have the equality 

(7.1) = E (2sin(^))'''\^^ 

where /? G H2{Y,Z), / = exp(-27r ci(Oy(1))); 

(2) n}i{P) come from an sl2 x 5^2 action on some cohomology theory of the 
moduli space X of one dimensional stable sheaves on Y\ 

(3) no{f3) should be the Donaldson- Thomas invariant of the moduli space X. 
By using the global perverse sheaf P' constructed above and the method of [5] , we 
can give a geometric theory for GV invariants. 

We recall the following facts. All can be found in [6l Chapter 5] or [2]. 

Theorem 7.1. Let X be a complex algebraic variety and let Perv(X) be the abelian 
category of perverse sheaves on X over Q with respect to the middle perversity. 

(1) Perv{X) is Artinian and Noetherian. The simple objects are the inter- 
section cohomology sheaf ICy (C) where C are irreducible local systems on 
smooth subvarieties in X . 

(2) (Hard Lefschetz theorm) If f : X ^ Y is a projective morphism of quasi- 
projective varieties, then the cup product induces an isomorphism 

u'^ : m-^Rf.ilCyiC)) m^Rf^ICyiC)) 

where uj is the first Chern class of an relative ample line bundle. 

(3) (Decomposition theorem) If f : X ^ Y is a proper morphism of varieties, 
then 

RfJCy{£) ^ ^k'n'^Rf^ICyim-k] 

and each summand ^TL^ Rft{ICy {£))[— k] is a finite direct sum of simple 
perverse sheaves. 

Let X be the moduli space of stable sheaves EonY whose supports are curves 
of homology class (3 G H2{Y,Z) and of xi^) — 1- In. particular, the rank of E is 
zero and ci{E) = 0. By [501 Theorem 6.11], there is a universal family £ on XxY. 
Let X = Xred be the reduced complex analytic subspace of X. Then we have a 
perverse sheaf P' on an etale Galois cover 

p:X^^X = XyC 

which is locally the perverse sheaf of vanishing cycles for a CS chart by Theorem 

EH 

Let X be the semi- normalization of and let S be the image of the morphism 
X — > ChowiY) to the Chow scheme of curves in Y . By [TS], the morphism X — !> 
is one-to-one and hence a homeomorphism because X is projective and X'^ is 
separated. The natural morphism / : X — > S is projective and thus the direct 
image of a simple perverse sheaf ICy{C) on X is a direct sum of simple perverse 
sheaves on S. In 0, S. Hosono, M.-H. Saito and A. Takahashi show that the hard 
Lefschetz theorem applied to / and c : S ^ pt gives us an action of s/2 x sh on the 
hypercohomology W {ICy{C)) as follows: the relative Lefschetz isomorphism 

m-^Rf^iCyic)) m^Rf^iiCyic)) 
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for / gives an action of 5/2, called the left action, via the isomorphisms 

m*ix,iCy{c)) ^m*{s,RfjCy{c)) ^ ®kM*{s, ni''RU{iCy{c))[-k]) 

from the decomposition theorem. On the other hand, since ^MJ^ Rf^,{ICy{C))\—k] 
is a direct sum of simple perverse sheaves, IHI*(S', Rf^{ICy{C))[—k]) is equipped 
with another action of s/2, called the right action, by hard Lefschetz again. There- 
fore we obtain an action of SI2 x SI2 on hypercohomologies W{X, ICy{L)) of simple 
perverse sheaves on X. 

If C G 5' is a smooth curve of genus /i, the fiber of / over C is expected to be 
the Jacobian of line bundles on C whose cohomology is an sZ2-representation space 

(^)®2(0) 

where (^) denotes the 2-dimensional representation of SI2 while (0) is the trivial 
1-dimensional representation. In j8|, letting X'^ = X and G = 1, the authors 
propose a theory of the Gopakumar-Vafa invariants by using the SI2 x SI2 action 
on IH*{X, Q) as follows: It is easy to see that one can uniquely write the s/2 x s/2- 
representation space IH*{X,Q) in the form 

=H*(l,/C;f(Q)) = ( (-)l®2(0)l) ®Rh, 

h ^ ' 

where denotes the fc-|- 1 dimensional representation space of the left 5/2 action 
while Rh is a representation space of the right s/2 action. Now the authors of [5] 
define the GV invariant as the Euler number rr/f^( — 1)^" of Rh where Rji is the 
diagonal matrix in 5/2 with entries 1,-1. 

However it is unlikely that the invariant 7i/i(/3) defined using intersection coho- 
mology of X will relate the GW invariant of Y as proposed by Gopakumar-Vafa. 
We propose to use the perverse sheaf P* on constructed above. 

7.2. GV invariants from perverse sheaves. Since the semi-normalization 7 : 
X — > X'^ is bijective, the pullback P* of P* is a perverse sheaf and 7*P' ^ P*. 

Since Perv{X) is both Artinian and Noetherian, there is a composition series — 
Pq C P* C • ■ • C P' = P* and we can find a unique semisimple perverse sheaf 



For each simple perverse sheaf Q*, we can apply the above argument to find an 
5/2 X sh action on the G-invariant part M.*{X, Q')'^ of W{X, Q') to write 



\X,grP'f - 0H*(l,g-)« - 00 ® 2{Q)X'^ ® R 



:,h- 



i i h 

Definition 7.2. We define the Gopakumar-Vafa invariant as the sum 



nh 



of the Euler numbers of Ri h 



The GV invariant n^iP) is obviously integer valued and defined by an s/2 x s/2 
representation theory of M*{X, grP') as expected. 
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Proposition 7.3. The number no{/3) is the Donaldson-Thomas invariant ofX. 

Proof. Recall that the Donaldson-Thomas invariant is the Euler number of X 
weighted by the Behrend function I'x on X and that iyx°p{x) for x G X^ is the Euler 
number of the stalk cohomology of P' at p{x). Therefore the Donaldson-Thomas 
invariant of X is the Euler number of H*(X''', P*)^ . 

Since the semi-normalization 7 : X — > X^ is a homeomorphism. 7*P* P* and 
H*(X^P') ^m*{X\j^P') ^m*(X,P') so that 

^(-l)''^dimtf (X^P*)'^ = ^(-l)''^dimH'=(X,P*)'^. 

fc fc 

Since P* has a filtration with grP* = ®iQ', we have the equality of alternating 
sums 

^(-1)'^- dimH'^X^, P'f = dinitf (X, Q',f. 

k k.i 

Since the Eulcr number of the torus part © 2(0)^)^'^ is zero for h 0^ 

Y^i-^)" dim (1, Q',f = J2 Trna~^ f" = n,{(3). 

k,i i 

This proves the proposition. □ 
Furthermore, we propose the following conjecture. 

Conjecture 7.4. (1) The GV invariants nh{l3) are invariant under deformation 
of the complex structure ofY. 

(2) The GV invariants nh{P) depend only on (3 and are independent of the constant 
term xi^) of the Hilbert polynomial. 

(3) The GV invariants nh{l3) are independent of the choice of a polarization ofY. 

(4) The identity (|7.1|) holds. 

Note that for /i = 0, (1) follows from Proposition [731 and [IH]- Also by [TU] and 
|28j . (3) is known for h = 0. Of course, (l)-(3) are consequences of (4). Furthermore, 
establishing the identity (|7.ip will equate Definition 17.21 with that introduced by 
Pandharipande-Thomas [26] for a large class of CY 3-folds (cf. [25]). 

7.3. K3-fibered CY 3-folds. In this last subsection, we show that Conjecture 
17.41 holds for a primitive fiber class of KB fibered CY 3-folds. 

We first consider the local case. We let A C C be the unit disk, t G T{Oa) the 
standard coordinate function, and let p : y — >■ A be a smooth family of polarized K3 
surfaces. We suppose the central fiber Yq contains a curve class f3o G H^'^{Yo,R) D 
H'^{Yq,1), not proportional to the polarization, such that /3o ceases to be (1, 1) in 
the first order deformation of Yq m F, which means that if we let /3 G r(A, P^p^Zy) 
be the continuous extension of /3o and let uj G r(A,p,r2yy^) be a nowhere vanishing 

section of relative (2, 0)-form, then p^{ijj /\ p) ^ t^O\. 

For c G A, we let Lc : Yc ^ Y he the closed embedding. We let P G H'^{Y,'L) 
be such that /3o = tg/^o- Since F — A is a family of polarized K3 surfaces, the 
family of relative ample line bundle is ample on Y . We form the moduli A^y(— /?, 1) 
(resp. M.Yo{[io, 1)) of one dimensional stable sheaves £ of Oy-modules (resp. Oyo- 
modules) with C2{£) = —(3 (resp. ci{£) = (3o) and x{^) = 1- Since /? is a fiber 
class, the moduli M.y{—(3, 1) is well defined and is a complex scheme. 
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Because the polarization of Y restricts to the polarization of lb, we have a closed 
embedding 



Lemma 7.5. Suppose /3o ceases to be (1, 1) in the first order deformation of Yq in 
Y, and there are no c ^ G A such that L*.j3 £ H^'^(Yc,M.). Then the embedding 
(j7.2p is an isomorphism of schemes. 

Proof. We first claim that for any sheaf [£] G A^y(— /3, 1), £ = lo^,£' for a sheaf 
[£'] G Myo{(3o, !)• Indeed, let spt(f ) be the scheme-theoretic support of £. Since 
£ is stable, it is connected and proper, thus its underlying set is contained in a 
closed fiber Yc C Y for some closed c G A. Denoting by the same t G T{Oy) 
the puUback oi t € Oa, since £ is coherent, there is a positive integer k so that 
spt(£^) C {{t — c)^ = 0). In particular, £ is annihilated by (t — c)''. 

Since t — c£ r(Oy), multiplying by i — c defines a sheaf homomorphism -(t — c) : 
which has non-trivial kernel since {t — cf' annihilates £. Since £ is stable, 
this is possible only if £ is annihilated by t — c. Therefore, letting £' = £ /{t — c)-£^ 
which is a sheaf of Oy^-modules, we have £ = ic*^' ■ It remains to show that c = 0. 
If not, then ci{£') = l-^P will be in H^'^{Yc,S.), a contradiction. This prove the 
claim. 

We now prove that (j7.2p is an isomorphism. Indeed, by the previous argument, 
we know that ()7.2p is a homeomorphism. To prove that it is an isomorphism, we 
need to show that for any local Artin ring A with quotient field C and morphisni 
ifA ■ Spec A — >■ /3, 1), (fA factors through A^y„(/3o,l). By an induction on 

the length of A, we only need to consider the case where there is an ideal I C A 
such that dime / — 1 and the restriction (fA/i ■ Spec A// — ;> Aly(— /3, 1) already 
factors through Aivaif^o, !)• 

Let £ be the sheaf of A x Oy-modules that is the pullback of the universal 
family of A^y(— /3, 1) via ipA- As (pA/i factors through MvoiPo, I), t ■ £ C I ■ £. If 
t ■ £ = 0, then ipA factors, and we are done. Suppose not. Then since £o ~ £ C 
is stable, there is a c G / so that t ■ £ = c ■ £ <z £. Thus {t — c) ■ £ = 0. We 
now let ip : Spec A — A be the morphism defined by = c, and let Ya = 

Y XA.-i/i Spec A. Then Ya — > Spec A is a family of K3 surfaces with a tautological 
embedding la ■ Ya Y x Spec A. Then {t — c)-£ = means that there is an A-flat 
family of sheaves £' of Oy^ -modules so that la*£' = £■ 

Let q be the projection and t be the tautological morphism fitting into the 
Cartesian square 



(7.2) 



Xy„(/3o,l)^Xy(-/3,l). 



Ya 



> Y 



Spec A — ^ A 
Then ci{£') — l* (3. Thus for the relative (2, 0)-form a), we have 



= q^{ci{£') A L*Q) ^q,L*{P ACo)^i^*p,{P Au). 



By the assumption that pt{f3 Aui) is not divisible by t^, the above vanishing implies 
that ip factors through G A. This proves that c = and ipA factors through 
■MyoWo, !)• This proves the proposition. □ 
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By the above lemma, we find that the moduh scheme X = X = A^y(— /3, 1) = 
■MYoi/So, 1) is a smootli projective variety of dimension 

dimX ^ Pi +2 = 2k, 

because the obstruction space Ext^{E, E)q is trivial for any stable sheaf £^ on a K3 
surface Yq. Hence we can set P' = Qx and thus m*{X, P') = H*{X, Q). Let 

Yo = 5^pi 

be an elliptic K3 surface and /3o = C + kF where C is a section and is a fiber. 
We can calculate the GV invariants in this case by the same calculation as in [8j 
Theorem 4.7]. Since the details arc obvious modifications of those in [51 §4], we 
briefly outline the calculation. Indeed by Fouricr-Mukai transform, X is isomorphic 
to the Hilbcrt scheme S'''^' of points on S and the Chow scheme in this case is a 
complete linear system P*"'. The Hilbert-Chow morphism is 

g[k] JK^ g{k) ^ (pl)(fc) ^ pfe. 

It is easy to see that the cohomology H*{S, Q) of S as an sl2 x sl2 representation 
space by (relative) hard Lefschetz applied to 5 — is 

(^)L®(^)i? + 20-(0)L®(0)fl. 

If we denote by (resp. tn) the weight of the action of the maximal torus for the 
left (resp. right) sl2 action, we can write H*{S,Q) as (^l + t^^){iR + t^^) + 20. 
Hence H*{S'^^\Q) is the invariant part of 

+ 20 -(0)^0(0)^ 

by the symmetric group action. In terms of Poincare series, we can write 
\^ p (S'^''^]a'' ^ - 

Applying the decomposition theorem ([2]) for the semismall map we 
find that Efc^t.,t«(^f'')'7' is 

n 

which gives 

(7.3) E^*-*h(^'")I*«=-i'?'= n 77 ^ 

k m>' ' 



(1 + tLg™)2(l + t^^<?")2(l - q™)20 ■ 

By definition, the GV invariants are defined by writing (|7.3p as 

(7.4) l^i^L + + 2)" ® Rh{S^''%n=-i =Y,q''nh{k){tL + tl^ + 2f 

h.k h,k 

By equating (|7.3p and (|7.4p with II = — y, we obtain 

1 _l^oj, 1 



J2i-i)'n,{k){y^-y-^r\''-' = — - 

h,k 1llm>l[^ 



yq-^)^(l - y-lg'")2(l _ g™)2 
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with /3q = 2/c — 2. On the other hand, by j22[ Theorem 1], we have 
V(-l)V,,(A:)(j/^ -y-^f^q^-^ = -pf —-^ _i ^^2n 7^ 

where rh{k) arc the BPS invariants from the Gromov-Witten theory for y A. 
Combining these two identities, we find that 

nh{k) = rh{k), 

which verifies Conjecture 17.41 for the local Calabi-Yau 3- fold F ^ A. We thus 
obtain 

Proposition 7.6. Let F — > he a K3 fibered projective CY threefold and let lq : 
Yq C Y be a smooth fiber. Let /3q € H2{Yq^'L) be a curve class so that its Poincare 
dual Pq € H'^{Yq,'L) ceases to be (1, 1) type in the first order deformation ofYo in 
the family Y^, c G P^. Then Xq = Xo := MvoiPo , 1) C X:= A^r(-(to*^o)^, 1) is 
a (smooth) open and closed complex analytic subspace, and (|7.ip holds for the GV 
invariants of the perverse sheaf P* (of X) restricted to Xq where Ng{l3o) in (|7.ip 
are the GW invariants contributed from the connected components of stable maps 
to Y that lie in Yq. 

It will be interesting to extend the constructions in this paper to the setting of 
stable pairs. Then it may be possible to extend the theory of Gopakumar-Vafa in- 
variants to the moduli scheme of stable pairs. Let M be the moduli scheme of stable 
pairs {F, s) with fixed topological type, where is a pure sheaf of one dimensional 
support and s G H'^{F) which is a-stable for some a > 0. We consider the mor- 
phism A/ — > S* to the Chow scheme possibly after taking the semi-normalization, 
sending {F, s) to the support of F. The general fiber over a curve C of genus g is 
expected to be the symmetric product C'''' for a suitable d defined by the topo- 
logical type. Let Jg = [{(i)L + 2g (O)l}'']'^'* be the cohomology of C^'') as an sh 
representation space. We can write the perverse hypercohomology of M in the form 
Jg (8) i?g and define the GV invariant as the Euler number of Rg. 

8. Appendix: Square root of determinant line bundle 

The purpose of this appendix is to give a direct proof of the following theorem 
of Hua (O), where it is stated only for sheaves. The argument presented below is 
a simplification of the proof in [5]. A byproduct of this simplification is that the 
proof now works for any perfect complexes, not just sheaves as in [5]. 

Theorem 8.1. [3] Theorem 3.1] Let £ X x Y be a perfect complex of vector 
bundles; let tt be the projection from X xY to X ; let Ext* (£, £) — R^K<,R'Hom{E , £). 
Then the torsion-free part o/ ci(Ext* (£, 5)) G H'^{X,1i) is divisible by 2. 

For a proof, we need two lemmas. 

Lemma 8.2. Theorem \8.1\ holds when £ is a line bundle C. 

Proof. Since the Chern character of RHom{C, C) = O is 1, by Grothendieck- 
Riemann-Roch together with the Todd class 

™.^1 + ^, 
12 ' 

we find that ci(Ext;(£, £)) =0. □ 
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Lemma 8.3. We may assume ci{£) = 0. 
Proof. Let £ = (dct f )-i and J" = f ® £. Then 

ci ( J-) ci {£) + ci (£) = ci (f ) - ci (£) = 0. 

Moreover we have 

ci(Ext;(.F,j-)) = ci(Ext;(f,£))+ci(Ext;(/:,/:))+ci(Ext;(f,£))+ci(Ext;(£,£)). 

The last two terms cancel by Scrre duality and the second term is zero by Lemma 
18.21 Hence ci(Ext' (7^, J")) is divisible by 2 if and only if ci(Ext' (f , f )) is divisible 
by 2. □ 

Proof of Theorem \8.1\ Let a,; = Ci{£). By Lemma 18.31 we may assume ai = 0. 
Then we have 

ch{£) = r-a2 + — + — 

where r is the rank of £. Since R'Hom{£, f ) = £^ (g) £, we have 

ch{RHom{£, £)) = - 2ra2 + + -(a^ - 2^4). 

6 

By the Grothcndieck-Riemann-Roch formulas ch{TT\£) = Jy ch{£) ■ Tdy and 

c/i(Ext;(£:, £)) = ch{RTT^RHom{£ , £)) = J ch{RHom{£, £)) ■ Tdy, 
we have 

= Jy [—1^ " • ^ j 

ci(Ext:(f ,f )) = ^ (^a^ + ^(a^ - 2^4) - 2m2 • ^) = ^ 



+ 2rci(7r!£:). 



So it suffices to show that Jy a\ is divisible by 2. By the Kiinneth formula, we can 
write 

a2 = Tr*A2 + iT*Ai ■ p*Bi + p* B2 

modulo torsion, where A; G i72»(y,Z), e F2i(x,Z) and p : X x y ^ y is the 
projection. Then we have 

j^al^2{j^A2A^)-B^ 
which is obviously divisible by 2. □ 
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